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R@sum@

Cette thtse considtre di @rentes probl@matiques de mod@lisation des dynamiques de prix d’actifs.

Aprts un chapitre introductif exposant I'approche g@ngrale dans laquelle la thtse s’inscrit, le
deuxitme chapitre propose une extension du modtle de Heston, qui surmonte certaines limites
structurelles de sa forme standard. Il est alors montr@ que ce modtle reproduit une part majeure
des propridtds des dynamiques jointes de prix et de volatilitd.

Le chapitre suivant introduit une classe de modtles permettant de capturer la fois le caracttre
rough de la volatilitd et sa path-dependence. Au travers d’une @tude empirique et d’exp@riences
num@riques, des @lgments de rdponse sont ensuite apportds la question : quelles mod@lisations au
sein de cette classe sont congruentes avec les donnges de marchg ?

Le quatritme chapitre explore les implications de diverses sp@ci cations d’un certain modtle de
volatilitd path-dependent. L’impact de la tendance du prix sur la dynamique de la volatilitd dans
ce cadre est alors mis en @vidence.

Le cinquitme chapitre introduit une nouvelle m@thode d’estimation pour les modtles volatilitd
stochastique, orientf@e vers un objectif de pr@diction. L’e cacitd de cette approche est @valude,
d’abord sur donng@es synth@tiques, puis sur donnges de marchg.

Le sixitme chapitre d@veloppe en n un modtle multivarig de dynamique des prix d’actifs dans un
cadre factoriel et de march@ path-dependent. De ce modtle est d@riv@ un g@nfrateur de marchd,
dont I'e cacitd produire des s@ries nancitres rfalistes est ddmontrfe au travers de di @rentes
@valuations.

Mots cl@s : Dynamiques de prix d’actifs, Modtle de volatilitd stochastique, Modtle de Heston, E et
Zumbach, Volatilitg path-dependent, Volatilitd rugueuse, Deep estimation, G@n@rateur de marchg.



Abstract

This thesis considers di erent issues related to modeling asset price dynamics.

After an introductory chapter outlining the general approach in which the thesis is situated, the
second chapter proposes an extension of the Heston model, which overcomes certain structural
limitations of its standard form. It is then shown that this model reproduces a major part of the
properties of the joint dynamics of price and volatility.

The following chapter introduces a class of models that captures both the rough nature of volatility
and its path-dependence. Through an empirical study and numerical experiments, answers are
subsequently provided to the question: which modelings within this class are consistent with market
data?

The fourth chapter explores the implications of various speci cations of a certain path-dependent
volatility model. The impact of price trends on the dynamics of volatility within this framework is
then highlighted.

The fth chapter introduces a new estimation method for stochastic volatility models, aimed at
a prediction objective. The e ectiveness of this approach is evaluated rst on synthetic data and
then on market data.

Finally, the sixth chapter develops a multivariate model of asset price dynamics within a factor
and path-dependent market framework. From this model, a market generator is derived, whose
e ectiveness in producing realistic nancial series is demonstrated through various evaluations.

Keywords: Asset price dynamics, Stochastic volatility model, Heston model, Zumbach e ect, Path-
dependent volatility, Rough volatility, Deep estimation, Market generator.
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"Valuation itself is the treasure and jewel of the valued things.
Through valuation only is there value; and without valuation
the nut of existence would be hollow."

Thus Spoke Zarathustra, Friedrich Nietzsche



CHAPTER 1

Introduction

1.1 Introduction gdn@rale

L’importance des choix de mod@lisation nancitre a @td rendue manifeste ces dernitres d@cennies
par un certain nombre d’@pisodes marquants. Parmi les plus fameux gure la chute de Long-Term
Capital Management (LTCM), qui manqua d’engendrer en 1998 une crise systdmique majeure.
I'origine de cette d@b cle, des d@cisions bas@es sur I'utilisation de modtles structurellement inaptes

saisir les risques rdellement encourus ([128], [187]). De manitre analogue, les d@faillances des
modtles d’estimation des probabilitds de d@faut ont joud un r le signi catif dans les octrois de
cr@dits ayant abouti en 2008 la crise nancitre des subprimes ([175]).

Si ces @vtnements historiques mettent en @vidence les dangers d’une formalisation inadaptde, la
modg@lisation nancitre n’en reste pas moins une ndcessitd imp@rieuse. Tant la mesure des di @rents
risques nanciers que la couverture d’options, en passant par la construction de portefeuilles, re-
quitrent des outils quantitatifs d’objectivation du rfel et de ses potentiels devenirs. Aussi, de par
la nature al@atoire des march@s nanciers - a minima au regard du r@fdrentiel d’information des
agents? - cette objectivation s’e ectue de manitre gén@rale partir de modtles probabilistes qui per-
mettent d’a ecter un ensemble d’@tats du monde une mesure de probabilitd. Si les probldmatiques
de modgdlisation nancitre auxquelles viennent r@pondre ces modtles sont multiples, quelques-unes
se distinguent par leur centralitd, parmi lesquelles gure la mod@lisation des dynamiques de prix
d’actifs. En e et, du calcul de mesures de risque ou de performance de portefeuilles, au traite-
ment des probl@matiques d’@valuation ou de couverture d’options, I’'ensemble de ces op@rations
ddpendent, de manitre directe ou implicite, d’hypothtses sur les mouvements de prix d’actifs. Par
cons@quent, la question de la formalisation de ces dynamiques surd@termine les rgponses apporter
tout un ensemble de probl@matiques de nance quantitative connexes.

1La prgcision apport@e souligne qu’il ne s’agit pas ici de trancher entre I’hypothtse objectiviste d’un hasard
ontologique des march@s nanciers, et I’hypothtse subjectiviste qui suppose que le systtme nancier constitue, en
dernitre analyse, rigoureusement d@terministe. Il est simplement entendu ici par "nature al@atoire des march@s
nanciers”, qu’ partir du niveau dont disposent les agents, I'dtat du futur des march@ nanciers ne peut Etre prgdit
de manitre certaine.



Fort de cette importance, la pr@sente thtse vise proposer des mod@lisations des dynamiques des
prix d’actifs, capables de rendre compte des caract@ristiques empiriques des sgries nancitres dans
toute leur complexitd. En cela, I'approche adoptf@e dans cette thtse di tre d’une part majeure
de la littdrature nancitre, qui subordonne les choix de mod@lisation la possibilitd d’en d@riv-
er des formules analytiques ferm@es ou semi-fermf@es destinfes r@pondre des probl@matiques
d’ing@nierie nancitre spdci ques. Ici, la primaut? sera accord@e la capture des di @rentes pro-
prigtds empiriques des historiques de prix d’actifs plut tqu’ la commoditd math@matique des outils
guantitatifs mobilis@s. Pour cette mEme raison, les modtles introduits seront g@ng@ralement gvalu@s
par comparaison entre donnfes simul@es et donndes historiques. Point important, ces di @rentes
@valuations men@es tout au long de la thtse portent uniqguement sur des actifs du march@ action
(indice et action individuelle). Cependant, de par les propridtds communes des dynamiques de
prix du march@ actions celles d’autres classes d’actifs (commodities, obligations, indices, etc.), les
rdsultats relatifs aux mod@lisations consid@r@es seront remobilisables au-del de ce cadre ([70]).

A n d’appr@hender son objet, la prdsente thtse adopte une approche inductive. Il s’agit donc de
partir des rgalitds ph@nomg@nales? des dynamiques de prix a n d’en identi er les traits les plus
saillants, pour en induire des choix de moddlisation. En cons@quence, ce chapitre commencera par
exposer les principales proprigtds empiriques des dynamiques de prix d’actifs, puis les choix de
mod@lisation adopt@s tout au long de la thtse qui en d@couleront. La section suivante pr@sentera
ensuite la structure gdn@rale de la thtse et le contenu de chacun de ses chapitres.

1.2 Proprigtds empiriques et mod@lisation des prix d’actifs

1.2.1 Ph@nom@nologie des dynamiques de prix d’actifs

1.2.1.1 Les distributions univariges de rendements

Un premier ensemble de propridtds caractdristiques des s@ries nancitres porte sur les distributions
de rendements. Pour les horizons de court moyen terme (haute-frdquence fr@quence mensuelle),
celles-ci sont fondamentalement non gaussiennes et pr@sentent en particulier des queues lourdes.
Si leur forme exacte reste di cile d@terminer de manitre prdcise, ces queues de distributions
sont proches d’un comportement parftien ou en loi puissance pour les horizons haute fréquence

quelques jours ([70], [144]) et sont assez bien captur@es par une loi de Student ([45]). Cont
([70]) montre en outre que les coe cients de queue observds empiriquement tendent invalider
I’hypothtse initialement formul@e par Mandelbrot ([146], [147]) selon laquelle les rendements suivent
un processus de variance in nie. Par ailleurs, pour une part signi cative des actifs, les distributions

2Par opposition aux approches noum@nales des dynamiques de prix d’actifs, telle que celles prenant pour point
de d@part la notion de "valeur fondamentale".



de rendements sont asym@triques di @rentes @chelles de temps. Pour les indices boursiers par
exemple, le skewness de la distribution des rendements tend devenir de plus en plus nggatif en
fonction de I'dchelle de temps jusqu’ atteindre un pic (nggatif), aprts quoi le skewness converge
lentement vers z@ro. Un ph@nomktne analogue de convergence s’observe pour la leptokurticitd des
distributions de rendements, ceci prts que ce mouvement semble pour sa part suivre une relation
d@croissante homogtne. D’un niveau trts @levd pour les rendements de haute frgquence, les queues
de distribution tendent se normaliser avec I'augmentation de I'dchelle de temps. De manitre plus
gdngrale, les distributions de rendement semblent converger trts lentement vers un comportement
gaussien ([169], [47]). Concrttement donc, les distributions de rendements annuels sont plus proches
d’un comportement gaussien que ne le sont les distributions des rendements journaliers.

1.2.1.2 Les caract@ristiques trajectorielles des prix d’actifs

Les variations de prix d’actifs consid@rfes sous I'angle trajectoriel sont caract@ris@es | encore par
un certain nombre de proprigtds remarquables. Premitrement, I'autocorr@lation linfaire des rende-
ments est globalement non signi cative ([70]), ce qui implique concritement que les mouvements
de prix sont di cilement anticipables court terme. Cette propriftd n’est cependant pas syn-
onyme d’ind@dpendance des rendements. En e et, leur valeur absolue (ou leur carr@) pr@sente une
autocorr@lation forte et persistente. Ce ph@nomtne connu sous le nom de clusters de volatilitd ou
"syndrome de Joseph", qui fut mis en @vidence par Mandelbrot ([146], [148]), constitue I’'une des car-
actgristiques des s@ries nancitres les plus importantes, puisqu’elle explique dans une large mesure
la non-gaussianit@ des distributions de rendements soulign@e en section 1.2.1.1. Ainsi, les distri-
butions de rendements journaliers ajustds de cet e et tendent se rapprocher d’une distribution
normale ([41]). 1l faut cependant noter que cet ajustement op@r@ partir de mgthodes standards®
n’annihile pas complttement la pr@sence de queues @paisses de distributions ([70]) du fait de la
survenue brutale d’@v@nements extrEmes, g@ndralement baissiers. Ce type d’@v@nements, quali @
par Mandelbrot de "syndrome de No@" ([148]), semble @galement appartenir aux invariants des dy-
namiques nancitres. Ainsi, dts 1891, Zola ddcrivait par le menu une occurrence de ce phgnomtne,
narrant la chute de la valeur de I'action de la banque Universelle, dont le cours de 2400 francs

I’ouverture termina 830 francs la cl ture* ([202]). Si ce type d’Ov@nements en constitue la
manifestation la plus spectaculaire, I’'augmentation du niveau de variabilitd des prix conjointe aux
tendances baissitres reste ggalement vdri @e dans des situations de march@ plus conventionnelles.
En e et, en plus d’Etre positivement autocorr@lds, les carr@s des rendements sont @galement ndga-
tivement corr@l@s aux rendements simples pour la plupart des actifs. Ce ph@nomtne, g@ndralement
d@signgd par leverage e ect®, implique donc que le niveau de volatilitd tend augmenter lorsque
le prix diminue ([35], [44]). En termes distributifs, cette relation permet d’expliquer - au moins
partiellement - le skewness nggatif des distributions de rendements @voqud en section 1.2.1.1 ([121],
[114]). Un ph@nomtne empirique connexe au leverage e ect est I'e et Zumbach ([203], [204], [205]).

3Typiquement par un modtle de type GARCH  processus d’innovation gaussien.

4Si la banque dont fait I’objet ce rgcit (tird du roman L’Argent) est ctive, celui-ci s’inspire dans une large mesure
du krach boursier de Paris de 1882 ([176]).

5L appellation leverage e ect ne se r@fLre pas ici  son sens restreint qui explique ce ph@nomtne par un e et de
modi cation de structure du capital ([97]).



La premitre dimension de ce ph@nomtne, quali e par Gatheral et al. ([106]) d’e et Zumbach faible,
ddsigne le ph@nomktne empirique selon lequel "les carr@s des rendements pass@s prdvoient mieux la
volatilitd intdgrde futures que la volatilitd intdgrde passde ne prévoit les carr@s des rendements fu-
turs". Cette propridtd constitue une caract@ristique notable des dynamiques de prix du fait de sa
non trivialitg ([39]). La seconde dimension de I'’e et Zumbach, I’'e et Zumbach fort, consiste en ce
gue "la dynamique de la volatilitd conditionnelle au pass? ddpend non seulement de la trajectoire
passfe de la volatilitd, mais aussi de la trajectoire historique du prix". Par cons@gquent, la relation
entre dynamiques des prix et dynamiques de la volatilitd exctde le simple leverage e ect ([44]).

1.2.1.3 Proprigtds des dynamiques multivarides de prix d’actifs

I'instar des dynamiques individuelles, les dynamiques multivariges de prix d’actifs pr@sentent
un certain nombre de propridtds notables. Tout d’abord, les rendements individuels des titres au
sein d’'une mEme classe d’actifs sont signi cativement corrg@l@s, rendant impropre I'argument du
th@ortme central limite appliqud aux distributions de rendements de portefeuilles. Cette propridtd,
assocife aux caract@ristiques des rendements individuels, conduit e ectivement des distributions
de rendements fortement non gaussiennes pour les portefeuilles uniclasse, typiquement les indices
boursiers ([169]). Par ailleurs, I'analyse spectrale des matrices de rendements r@vtle que cette
structure de corr@lation est engendr@e dans une trts large mesure par un petit nombre de facteurs
([135]). Le plus important, qui peut Etre apprghend@ comme le facteur de march@, occupe une
place pr@pond@rante et permet Ilui seul d’expliquer une part trts signi cative des covariations
de prix ([68]). En outre, au-del mE&me des propridtds attenantes leurs marges, les distributions
multivarifes de rendements admettent des caract@ristiques remarquables relatives la structure de
corrflation. Chicheportiche et Bouchaud ([64]) ont notamment mis en @vidence la non-ellipticitd des
rendements d’actions. En particulier, les structures de corr@lation elliptiques induites par la copule
normale ou la copule de Student @chouent capturer de manikre satisfaisante les caract@ristiques
empiriques des paires de rendements faiblement corr@l@s. Autre propridtd majeure : les structures
de corrf@lation des univers d’investissement sont dynamiques. Cet ftat de fait se matdrialise par la
coexistence de p@riodes og certaines paires d’actifs sont faiblement corrgl@es, avec d’autres p@riodes
0@ ces mEmes paires pr@sentent des corr@lations proches de 1. Typiquement, pour le marchg action,
les corrflations (lingaires) moyennes entre actifs sont mod@rfes lors des phases d’expansion, et
subissent un trts fort mouvement de recorr@lation lorsque se mat@rialise un risque systdmique
([68]). De ce fait, la matrice de corrflation des rendements est insu sante pour rendre compte de
la complexit@ de la structure de d@pendance des actifs.

1.2.2 Cadre g@n@ral de la mod@lisation en temps continu

1.2.2.1 Le mouvement brownien comme brique gldmentaire de la mod@lisation

Depuis I'dmergence de la formalisation nancitre initi@e par les travaux pr@curseurs de Louis Bache-
lier ([13]), la modg@lisation des dynamiques de prix d’actifs en temps continu s’est majoritairement
construite autour d’un objet math@matique particulier : le mouvement brownien. Formellement, un



mouvement brownien standard B¢ est un processus stochastique d? ni par les propridtds suivantes :
1. Bp = 0 presque sf3rement.

2. les incrdments de B sont inddpendants : pour tout 0 s < t, I'accroissement By Bs est
inddpendant de fB, : 0 u sg.

3. les incrdments de B sont stationnaires et gaussiens : pourtout0 s<t, By Bs N(O;t s),
og N ddsigne la distribution normale.

4. les trajectoires de B¢ sont continues presque srement.

De par ces caract@ristiques, le mouvement brownien constitue un outil commode pour rendre compte
des dynamiques al@atoires des variations de prix. Tout d’abord, la proprift¢ d’ind@pendance des
incrgments a permis une formalisation en temps continu de la notion d’e cience informationnelle
des march@s selon laquelle le prix actuel d’un actif est le meilleur pr@dicteur de son prix futur
actualis@ ([185], [96]). De manitre plus pratique, le caracttre martingale du mouvement brownien
constitue un outil puissant pour modgliser I'absence de corr@lation lindaire des rendements @voquds
en section 1.2.1.2. Par ailleurs, la proprigdtd d’ind@pendance des incr@ments permet de construire des
modtles de dynamiques de prix distinguant clairement la composante martingale de la composante
ddterministe (ddcomposition de Doob-Meyer).

L’utilisation du mouvement brownien dans la formalisation des dynamiques de prix d’actifs a cepen-
dant fait I'objet d’un certain nombre de critiques. Parmi les plus fameuses gurent celles adress@es
par Benoit Mandelbrot, pointant notamment I'inad@quation entre les propriftds d’ind@pendance
et de gaussiannit@ des incrdments avec les propriftds des s@ries empiriques de variations de prix
expos@es pr@cddemment (voir section 1.2.1). Il faut cependant noter que ces critiques portent sur
un certain emploi du mouvement brownien associ@ aux modtles de dynamiques de prix de premitre
g@ndration, ddcrivant le prix comme un brownien arithmgtique ([13]) ou gdom@trique ([184], [38]).
Dans ce type de mod@lisation, les rendements - standards dans le cas du brownien arithm@tique,
logarithmiques dans le cas du brownien gdom@trique - sont en e et gaussiens, et les proprigtds
d’ind@pendance et de stationnaritd des incrdments produisent une invariance du niveau de variabil-
itd des prix. Cependant, ces modtles n’@puisent @videmment pas I'usage du mouvement brownien
dans un cadre de modg@lisation nancitre. Ainsi, de nombreuses mod@lisations ult@rieures de dy-
namiques de prix d’actifs @galement construites partir de cet objet ont montr@ leur capacitd
capturer les ph@nomtnes empiriques de variations non-gaussiennes des cours et de concentration
de la volatilitd ([86], [114]). Dans ces modtles cependant, le mouvement brownien ne constitue
que I'une des briques @l@dmentaires du modtle articulde d’autres composantes. De ce fait, par
exemple, les proprigtds d’inddpendance des incrdments du brownien ne se traduisent pas ngces-
sairement par une ind@pendance des incrdments du prix (ou du logarithme du prix). C’est dans ce
cadre d’utilisation du mouvement brownien que s’inscrit la mod@lisation adoptfe dans cette thtse,
pr@sent@e dans la section suivante.



1.2.2.2 Les @quations di @rentielles stochastiques d’It pour ddcrire les dynamiques
de prix

Le cadre de mod@lisation en temps continu adoptd dans cette thtse reprend I'approche la plus
courante de la modglisation nancitre dans laquelle les dynamiques de prix d’actifs sont ddcrites

partir d’@quations di @rentielles stochastiques (EDS). Bien que la majeure partie de la thtse se
centre sur des modtles univari@s, la formalisation introduite dans cette section part du cas g@ngral
dans lequel on considtre un vecteur de prix n-dimensionel P pour d@river ensuite le cas particulier
unidimensionnel.

Pour commencer, dans I’ensemble des modtles consid@rds, la dynamique d’un vecteur de prix d’actifs
peut Gtre ddcrite par I'EDS suivante :

. P— . .
0og A est une matrice m n, une matrice diagonale n n, et F est un processus It m-
dimensionnel d@ ni par :

p_
dFy = dt+ tdBy;

avec B un mouvement brownien m-dimensionnel. Les marges du processus F mod@lisent les dif-
fdrents facteurs qui engendrent les variations des prix d’actifs, la matrice A repr@sente les sensibilitgs
des actifs ces di @rents facteurs. Dans ce cadre, la dynamique du prix du i-tme actif est donnde
par I’expression suivante :

> P_—
dPi;t = (Pv)i (AdFy)i = Pixt A)ij dt+ dByg i (1.2)
j=1

= ap—————
en posant . = Jfnzl(A)i;j jret = ;”:l((A)i;j j:t)2, puis en introduisant le brownien
W dont la dynamique est dg nie par®
P
AW, = m::n(A)” @B,
i= (A j0)?

cette dynamique peut se r@@crire

dPi;t = Pi;e( i;edt+ cdWe): (1.3)

SW est d@ ni comme une combinaison lindaire de browniens indgpendants. Par consgquent, dts lors que I'on
suppose les processus j adaptds et de carr@ intdgrable, W est une martingale. De plus :

Pm 2
l:_":1(('6\)i:j jir)dt _
T (i )?

De ce fait, par le th@ortme de caract@risation de L@vy d’un mouvement brownien, W est bien un mouvement brownien.

(dWyp)? = dt:



L’expression du prix au temps t est donc d@ nie par
z t
Pi:t = Pi;o + Pu judu+ udBy :
0
Du fait que les facteurs sont d@ nis comme des processus d’It , les processus de drift et de coe cients
de di usion respectent certaines proprigtds gdngrales.

Les drifts tout d’abord, sont des pr%cessus Fi-adaptds, og F; correspond la Itration naturelle
du processus, et int@grables tels que Oj jujdu < 1. Ceux-ci d? nissent I'esp@rance du prix futur.
En e et, par propridtd de I'intdgrale stochastique :

> Z Zy
E[Pi:t] = Pio + (A)i;j Pi.u j;udu = Pjo + Pi:u i;udu:
0

i=1 0

Il s’ensuit donc que si  est nul pour tout t, le prix est alors une martingale. kes coe cients de
di usion , pour leur part, sont @galement des processus Fi-adaptds, vdri ant 2du < 1. lls
ddterminent la variance du prix futur, puisque :

t
0

> Z Z
Var[Pi.] = (A)IZJ E (Pi.u j;u)2 du = E (Pi.u i;u)2 du:
j=1 0 0
Dans ce cadre de moddlisation, la qualitd de la mod@lisation des dynamiques du prix P d@pend
donc de la sp@ci cation de et de

L’approche de et de comme processus ddpendant du temps implique que le prix P ou son
logarithme perd certaines des proprigtds attribufes au mouvement brownien. En particulier, les
proprigtds d’inddpendance et de stationnaritd des incrdments ne sont gdngralement plus v@ri fes ni
pour P, ni pour log(P). Cependant, les conditions de mesurabilitd et d’intggrabilitd posdes sur
et garantissent la markovianitd du processus de prix.

Point notable, le vecteur des prix d’actifs est d@ ni comme un processus purement di usif, ce
qui pourrait para tre constitud un choix de modg@lisation restrictif. En particulier, la capture des
ajustements abrupts des prix est souvent associe I'incorporation d’une composante de sauts’. Si
cet ajout constitue une manitre coh@rente de mod@liser ces ph@nomtnes de marchg ([60]), la forme
purement di usive (1.1) permet @galement la mod@lisation de ce type de mouvements extrémes. Par
exemple, certaines sp@ci cations de (1.3) convergent vers des processus sauts ([152], [2]). Cette
trks grande plasticitd est permise en pratique par la sous-d@termination des deux ingr@dients clds
dont d@pend la dynamique des prix dans le cadre consid@rd : le drift et le processus de volatilitg.

7Typiquement, une mod@lisation telle que propos@e par Pelger ([171]), oz les facteurs suivent un processus de la
forme :

dFj;tZ j;tdt+ j;tdBj;t"‘de;t;

og Jj correspond  un processus sauts.



1.2.3 Volatilitd et dynamiques de prix

1.2.3.1 De la centralitd du processus de volatilitd dans les dynamiques de prix

Si le drift et le processus de volatilitd occupent chacun une fonction sp@ci que dans la mod@lisation
des dynamiques de prix, leur importance respective ne peut Etre mise dans une relation de stricte
@quivalence.

cet @gard, il convient de commencer par noter que la majeure partie de la littgrature acad@mique
dddife aux modtles de prix en temps continu porte presgque exclusivement son attention sur la mod-
glisation du processus de volatilitd. Cet gtat de fait s’explique en premitre instance par les objectifs
poursuivis par cette littdrature, relatifs au traitement des probltmes de tari cation et de couver-
ture d’options. Or, ces travaux s’inscrivent pour la plupart dans le cadre de la th@orie moderne des
options qui @vacue la question de la mod@lisation du drift sous mesure physique par la mobilisation
du concept charnitre de di usion du prix sous probabilitd risque-neutre. Cependant, I'utilisation
mEme de cet artefact math@matique par les praticiens de la nance n’est en r@alitd pas totalement
@trangtre aux proprigtds du drift sous mesure physique. En e et, hors de I'espace th@orique du
hedging en temps continu, les rebalancements d’un portefeuille de r@plication s’e ectuent dans le
monde rdel en temps discret. De ce fait, I'impact du drift sur la couverture de I'option n’est en
pratique pas complttement @liming ([126]). Malgr@ cela, cet impact est g@nfralement ignord pour
une raison qui, elle, est ind@pendante du cadre d’utilisation du modtle de di usion : la faiblesse du
ratio esp@rance sur @cart-type des rendements court terme.

Ce ph@nomtne peut Etre facilement apprfhend? partir du cas simple og et sont constants. Le
ratio esp@rance sur @cart-type des rendements logarithmiques est alors donng par :

E log(Pt=Po) 0:5 ZIOE_
std log(P+=Py) '

Sous cette hypothtse donc, ce ratio cro t en racine de t dts lors que le drift du prix est positif.
Ainsi, en considfrant = 0:06 et = 0:15, une spfdci cation raisonnable pour le S&P500, ce ratio
est d’environ 1.7% I’horizon d’un jour, et d’environ 9.4% I’horizon d’un mois. Hors de ce cadre
analytique, la faiblesse du ratio signal-sur-bruit court-moyen terme reste v@ri @e empiriquement
([85]). Pour ces horizons temporels, les dynamiques de prix sont donc davantage fonction du terme
P: tdB¢ que de P (dt. Ainsi, dans le cadre de la gestion des risques nanciers, reste I'Gldment
central de la modglisation.

Outre cet aspect quantitatif, I'importance premitre du processus de volatilitd tient §galement son
r le direct dans les phgnomtnes caractgristiques des donnfes nancitres expos@s en section 1.2.1.
Le plus @vident est I’e et Joseph, qui par sa d@ nition mEme comme ph@nomtne de persistance de
la volatilitd, d@ nit son origine dans la dynamique de . Sa capture ddpend donc directement de la
bonne mod@lisation de I'autocorr@lation de la volatilitd. De manitre plus indirecte, les caractdris-



tiques des distributions de rendements, @loign@es du cadre gaussien, sont @galement la r@sultante
des dynamiques de volatilitds. Ainsi, la relation n@gative entre les rendements de I'actif et le niveau
de volatilitd, qui constitue dgj en lui-mEme un ph@nomtne caractdristique des sgries nancitres (le
leverage e ect), engendre le skewness n@gatif des distributions de rendements. De manitre analogue,
les queues de ces distributions sont la contrepartie des proprigtds trajectorielles de la volatilitd.

La primautd de I'importance de la mod@lisation de la volatilitd tient @galement aux hypothtses
usuelles du drift sous mesure historique qui, de par leurs formes mtmes, tendent subordonner la
capture de cette composante de tendance la bonne modg@lisation du coe cient de di usion ([108]).
En e et, la majeure partie de la littgrature portant sur cette question suppose un drift fonction du
processus de volatilitd ([188], [118]), typiquement de la forme :

X
t= t+ tp (O

k=1
G@n@ralement,  est dg ni par le taux sans risque et p est §gal 1 ou 2, de telle sorte que le
drift ajustd du taux sans risque suit une relation linfaire ou quadratique du processus de volatilitd.
Cette relation de est la plupart du temps suppos@e croissante par rapport , venant modg@liser
le there is no free lunch des march@s nanciers : une plus haute esp@rance de rendement implique
un plus haut niveau de risque.

En dehors des @lgments relatifs aux dynamiques marginales de prix, la composante volatilitd est
@galement centrale dans la capture des phgnomtnes propres la moddlisation multi-actifs. En
particulier, le cadre expos@ en section 1.2.2.2 indique que la corr@lation instantan@e des rendements
entre un actif i et j est dg nie par® :

P

m p_
(COij = G k=1 (ADik (A (ki :

k=1(At)i2;k (Pit)k:k ?:1(At)12;k ( 7t)k;k

Les volatilitds factorielles dgterminent ainsi la structure de corr@lation de I’'univers d’investissement
consid@rd ainsi que sa dynamique. Par corollaire, dans le cadre d’une modg@lisation du drift de type
CAPM dans laquelle les espdrances de rendements sont des fonctions des covariances des actifs avec
certagns portefeuilles d’actifs, les dynamiques de tendance des prix sont @galement conditionnges
par

Pour ces di @rentes raisons, bien que la question de la mod@lisation du drift soit consid@r@e, I'accent
est principalement mis dans cette thtse sur la mod@lisation du processus de volatilit@.

8puisque dtdt = 0;dtdBy = Om, et dBtdBy = Imdt, la matrice de covariance des rendements instantan@s est
donnge par:

P— P— >
(dPy Py)(dPy Py)” = A wdt+A  dBy A dt+A  dBy =A (A7dt



1.2.3.2 \Volatilitd et path-dependence

De par sa centralitd dans la dynamique des prix soulign@e dans la section pr@c@dente, la mod@lisation
de la volatilitgd a donnd lieu une littdrature acadgmique abondante. La multiplicitd des approches
proposdes se di @rencie sur la forme de I’expression math@matique par laquelle est d@ ni ce processus
en gdndral, ainsi que par la relation qu’entretiennent les dynamiques de prix et de volatilitd en
particulier.

Sur ce dernier point, Guyon et Lekeufack ([117]) identi ent dans le cadre univari@ deux cas polaires

les modtles strictement ind@pendants de la trajectoire pass@e et les modtles purement path-
dependents. Pour la premikre cat@gorie de modtles, la trajectoire pass@e du prix n’a rigoureusement
aucune in uence sur le niveau de la volatilitd. Dans ce cadre, les dynamiques de volatilitds sont de
nature purement exogtne.  l'autre extrEGme, les modtles purement path-dependents d@ nissent la
volatilitd comme une fonction d@terministe de la trajectoire passfe du prix, telle que

t= TPuQu t :

Cette formalisation suppose donc que tout mouvement de volatilitd peut Etre apprfhendd comme
un ph@nomtne endogtne. Entre ces p les se situent les modtles partiellement path-dependents dans
lesquels la volatilitg est la fois fonction des dynamiques du prix et d’origine exogtne.

Dans une perspective de mod@lisation r@aliste des dynamiques de prix d’actif, notamment sur le
march@ des actions, les modtles strictement ind@pendants de la trajectoire passfe du prix doivent
Etre @cartds d’emblfe. En e et, le leverage e ect ou I'e et Zumbach mentionnd@s en section 1.2.1
sont des ph@nomtnes largement document@s dans la littdrature acad@mique ([35], [44],[203], [204],
[205]) qui contredisent frontalement I’hypothtse d’ind@pendance entre les dynamiques du prix et
de la volatilitd. Par cons@quent, la modglisation de la volatilitd doit s’inscrire au minimum dans
une approche partiellement path-dependent. La question de la nfcessitd d’intdgrer une composante
de frictions exogtnes se pose alors. cet @gard, les r@sultats des @tudes empiriques tendent
montrer que si les dynamiques de volatilitd sont explicables majoritairement de manitre endogtne,
une part r@siduelle, mais signi cative, est ind@pendante des variations de prix ([117]). Les mod-
@lisations purement path-dependent et purement path-independent constituent donc toutes deux
des approches h@mipl@giques, mais leurs lacunes respectives ne sont pas sym@triques. D’un c tg,
des modtles de volatilitd purement path-dependent sont en mesure de capturer la majeure partie
des caract@ristiques des dynamiques de prix d’actifs, de I'autre, I’hypothtse de path-independence
annihile les conditions de possibilitd de leur capture.

Sur la base de ces @ldments, la volatilitd est mod@lisge dans les di @rents chapitres de la thtse comme
un processus essentiellement path-dependent, intdgrant une composante exogtne mais principale-
ment ddterminfe par les trajectoires passfes des prix ou des facteurs d@terminant les dynamiques
de prix.
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1.3 Structuration de la thtse

Hors des chapitres introductif et conclusif, cette thtse se compose de cing chapitres, chacun corre-
spondant un article de recherche pouvant Etre considdr@ de manitre ind@pendante. Les chapitres
2, 3 et 4 introduisent et examinent de nouveaux modtles univari@s de dynamique des prix d’actifs,
dans lesquels le processus de volatilitd est essentiellement path-dependent. Le chapitre 5 propose
une m@thode d’estimation innovante pour les modtles de dynamique de prix univarigs, dans laque-
lle I'estimation est subordonn@e un objectif de pr@diction de la volatilitd. En n, le chapitre
6 ddveloppe un modtle de dynamique des prix multivarigs dans un cadre factoriel et de march@
path-dependent.

1.3.1 The EWMA Heston Model

Les trois premiers chapitres de la thtse s’inscrivent dans une d@marche commune consistant  pro-

poser des modtles univari@s de prix d’actifs dans lesquels le processus de volatilitd est essentiellement

path-dependent. Ce choix de mod@lisation vise saisir di @rentes propridtds empiriques des s@ries

temporelles de prix d’actifs que les modtles standards (comme le modtle de Heston [121] ou le

modtle CEV [76]) ne parviennent pas capturer, notamment la mod@lisation de I'e et Zumbach

dans ses di @rentes dimensions, ainsi que les caractfristiques nes des distributions de rendements
di @rents horizons.

Dans cette perspective, le premier chapitre introduit une extension du modtle de Heston : le EWMA
Heston model. Le paramttre de variance de long terme du modtle de Heston dans sa forme standard
est ici substitud par un processus de "variance d’attraction” purement path-dependent d@ ni comme
une fonction ddterministe d’une ou de plusieurs moyennes mobiles exponentielles des rendements
passfs de I'actif. De manikre analogue, le paramttre de volatilitd de la volatilitd du modtle de
Heston est pond@r@ dans le EWMA Heston model par la racine carr@e de cette variance d’attraction.
Cette formalisation inttgre donc le modtle de Heston standard comme cas particulier dans lequel la
variance d’attraction est une fonction constante. En dehors de ce cas sp@ci que, les modi cations
apportges conduisent des changements majeurs des dynamiques de prix et de volatilitd mod@lisdes.
Premiktrement, le niveau vers lequel tend la variance gtant fonction de la trajectoire passge du prix,
le modtle est structurellement apte rendre compte de I'e et Zumbach au sens fort. Ainsi, |

og dans le modtle de Heston standard le leverage e ect ne pouvait Etre captur@ qu’ travers une
corr@lation n@gative entre les browniens respectivement associfs au prix et au processus de variance,
la relation n@gative entre la tendance pass@e du prix et le niveau de volatilitd est §galement causge
par la variance d’attraction dans le EWMA Heston model. Cette double dgtermination permet par
ailleurs un possible d@couplage entre les d@terminants des mouvements de volatilitd  court terme
de ceux de moyen-long terme. En particulier, lorsque la corr@lation entre les processus browniens
du prix et de la variance est nulle ou faible, les variations de la volatilitd  court terme sont
principalement de nature exogtne (c’est- -dire ind@pendantes ou quasi-indgpendantes des variations
du prix de I'actif).  I'inverse, les mouvements de la volatilitd moyen terme et son niveau sont
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en premitre instance engendr@s par la dynamique de la variance d’attraction, et sont de ce fait une
rdsultante de la tendance passfe du prix. Par ailleurs, la sp@ci cation de la variance d’attraction
comme fonction d@gcroissante d’un ou de plusieurs EWMASs des rendements passgs peut @galement
induire des e ets sur la tendance des prix. En e et, sous I’hypothtse standard d’un drift croissant
du processus de volatilitg, la baisse de la volatilitd engendre une hausse du drift du prix et tend
donc produire un retour la moyenne du prix par un e et prime de risque.

Aprks avoir exposg ces propridtds th@oriques, le chapitre d@montre, sur la base d’exp@riences
numg@riques r@alisdes partir d’une version discr@tisge d’une certaine sp@ci cation du EWMA He-
ston model, que celui-ci reproduit une part importante des caractgristiques empiriques de I'indice
S&P500 et de sa volatilitd. Premitrement, les ph@nomtnes relatifs aux dynamiques conjointes du
prix et de la volatilitd, tels que la co ncidence entre les pics de volatilitd et les chutes brutales de
I'indice, ou I'existence de p@riodes de faible volatilitd conjointes une tendance haussitre de I'indice,
sont bien mod@lisds. Le comportement erratique de la volatilitd  court terme observable sur les
donnf@es de march@ est @galement assez bien captur@ gr ce aux valeurs @lev@es prises la fois par
le paramttre de volatilitd de la volatilitd et par le paramttre de retour vers le niveau d’attraction.
Cette con guration de paramktres produit ainsi un processus de volatilitd sujet de forts mouve-
ments alfatoires intra-journaliers, contenus par une importante force de retour vers le niveau de
volatilitd d’attraction. Au-del de ces caract@ristiques trajectorielles, les distributions de rendement
et de volatilitd gdndrdes par le modtle sont globalement proches de leurs contreparties empiriques.
En particulier, le modtle est capable de capturer les d@formations respectives de ces distributions
en fonction de I’horizon temporel.

Ce chapitre souligne nfanmoins que, malgr@ ces qualitds, la version du EWMA Heston model
consid@rfe pr@sente quelques limitations. En particulier, bien que I'autocorr@lation du processus
de volatilitd soit assez bien reproduite par le modtle pour les horizons infdrieurs 2 mois, celle-
ci ddcro t trop rapidement pour les horizons plus longs au regard des donng@es empiriques. En
outre, la relation liant la valeur absolue attendue des incrgments de la log-volatilitd et I'dchelle
de temps consid@drde di tre entre les donn@es g@n@rdes par le modtle et les donnfes de marchd.
Ces limitations semblent d@couler de la sp@ci cation considdrfe davantage que du EWMA Heston
modtle dans sa forme g@n@rale, qui fait ddpendre la variance d’attraction d’une seule EWMA des
rendements pass@s. A la place, une combinaison de plusieurs EWMAS pourrait s’av@rer davantage
mEme de la structure d’autocorr@lation de la volatilitd empirique.

1.3.2 Rough Path-Dependent Volatility Models

Le troisitme chapitre de la thise poursuit la d@marche entreprise dans le chapitre 2 consistant
proposer de nouvelles modg@lisations des dynamiques univarifes de prix d’actifs coh@rentes avec les
donn@es de march@, dans lesquelles le processus de volatilitd est essentiellement voire entitrement
path-dependent.
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Le premier apport de ce chapitre consiste introduire une classe g@n@rale de modtles dans laquelle
la volatilitd dfpend de deux processus sous forme d’@quations de convolution stochastique : le
premier repr@sente essentiellement un facteur de tendance passfe du prix, le second un facteur
de volatilitd (ou variance) historique. Cette structure comprend divers modtles majeurs de la
littdrature, parmi lesquels gurent le modtle rough et le modtle quadratic rough Heston, ainsi que
le modtle PDV introduit par Guyon et Lekeufack. Cette forme trks exible est ensuite utilisge
comme outil comparatif pour examiner di @rentes manitres de mod@liser la volatilitd et de rendre
compte de sa propridtd de path-dependence.

partir de ce cadre g@nfral, le chapitre d@ nit alors une sous-classe de modtles : les modtles rough
path-dependent volatility (RPDV). Celle-ci englobe I'ensemble des modtles inclus dans la classe
g@ngrale prdsentde, pour lesquels les noyaux de convolution associfs au processus de volatilitd sont
en loi puissance.

Une @tude comparative sur des donnf@es de march@ @value ensuite la capacit? de di @rentes variantes
de modtles RPDV, utilisfs comme modtles de r@gression, expliquer la volatilitd rdalisde de cing
indices boursiers. Plusieurs r@sultats cl@s en ressortent. Premikrement, comme I’'ont d@montrg
Guyon et Lekeufack ([117]), dans le cadre d’une modg@lisation purement path-dependent, les modtles
qui intkgrent un facteur de volatilit@ historique ont un fort pouvoir pr@dictif et sont nettement plus
performants que les modtles qui reposent uniquement sur un processus de tendance passfe des
prix. Par ailleurs, pour I’ensemble des modtles consid@rds, une approche purement path-dependent
ne permet pas d’expliquer entitrement les variations de la volatilitd r@alisfe, sugg@rant ainsi la
ndcessitd d’adopter une approche partiellement path-dependent. Cependant, les proprigtds des
rdsidus des r@gressions impliquent que la composante exogtne au processus de volatilitd ne peut Etre
appr@hendde de la mEme manitre entre les modtles intdgrant un facteur de volatilitd historique et
ceux qui n’en intkgrent pas. Pour les premiers, les mouvements exogtnes de la volatilitd repr@sentent
un ph@nomtne intrajournalier. 1l est alors coh@rent de modg@liser le processus de volatilitd comme
le produit d’'un modtle purement path-dependent et d’un processus de retour la moyenne trts
rapide dont la composante stochastique est ind@pendante du brownien du prix. Dans le cadre de
modglisations n’intdgrant pas de facteur de volatilitd historique, il semble davantage coh@rent de
consid@rer les mouvements exogtnes de la volatilitd comme une composante de mEme nature que
la source endogtne d’alfa assocife la dynamique des prix, Iinstar des modtles de volatilit?
stochastique classiques.

Le chapitre considtre en n I'hypothtse selon laquelle I'apparente d@pendance structurelle de la
volatilitd par rapport sa trajectoire passge serait en fait causfe par une composante exogtne
tierce, plut t que par un r@el ph@nomtne structurel de r@troaction de la volatilitd. La validitd ou
non de cette hypothtse a des implications fortes. Si celle-ci est rejetfe, les modtles n’intdgrant
pas une ddpendance structurelle de la volatilitd sa propre trajectoire passfe sont structurellement
inaptes  modgliser correctement les dynamiques rfelles de prix. Une exp@rience num@rique est
donc mise en place a n d'@valuer la vraisemblance de cette hypothtse. Il est alors ddmontrd qu’
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I'instar de ce qui est observg sur les donn@es de march@, une apparente autor@gressivitd du processus
de volatilitg appara t, bien que les donnges soient g@n@r@es partir d’'un modtle qui ne comprend
pas de facteur de volatilitd historique. Ces r@sultats suggtrent ainsi que I’'apparent feedback positif
de la volatilitd peut Etre expliqud, au moins partiellement, par la ddpendance de la volatilitd des
variables exogtnes.

1.3.3 Price and Volatility Dynamics Under Path-Dependent Models

Le chapitre 4 explore les implications de diverses sp@ci cations d’un modtle PDV appartenant la
classe gdnfrale des modktles introduite au chapitre 3. Dans ce modktle, la volatilitd est dg nie par
une @quation convolutive stochastique un seul noyau, tandis que le drift du prix suit une relation
guadratique du processus de volatilitd intdgrant la fois une prime de volatilitd et une prime de
variance.

Dans un premier temps, le chapitre examine comment, dans le cadre consid?r@, la jonction de la
proprigtd de path-dependence de la volatilitd avec les hypothtses sur le drift du prix conditionne la
fois le niveau vers lequel la volatilitd tend - quali @e de volatilitd d’attraction - et la force d’attraction
vers cette valeur. Il est notamment montr@ que le niveau de la volatilitd d’attraction ddcro t avec le
niveau de la prime de risque, tandis que la vitesse de retour la moyenne de la volatilitd augmente
avec celui-ci. De plus, la structure de la prime de risque - c’est- -dire, les valeurs respectives des
primes de risque de volatilitg et de variance - conditionne les caract@ristiques des forces de retour
la moyenne. En particulier, la prdsence d’une prime de variance strictement positive entra ne une
force de retour la moyenne plus importante lorsque la di @rence entre la volatilitd d’attraction et
la volatilit@ actuelle est nggative que lorsque celle-ci est positive, pour un m&me di @rentiel absolu.
A l'inverse, si la prime de variance est nulle et la prime de volatilitd positive, la force de rappel de
la volatilit? vers sa valeur d’attraction est sym@trique.

Ce chapitre formule ensuite des hypothtses concurrentes relatives aux m@canismes de formation du
prix et de la volatilitd travers di @rentes sp@ci cations du modtle g@n@ral considdrd.

La premitre suppose que le niveau de volatilitd d’attraction est lui-mEme un processus path-
dependent, entra nant une intrication de path-dependence. Cette sp@ci cation permet de renforcer
I’e et Zumbach du modktle, I'une des caract@ristiques empiriques majeures des donnfes nancitres
([203], [204], [205], [39]) @voqude en section 1.2.1.2. Elle constitue de ce fait une rdponse possible
au probltme de sym@trie excessive (par rapport aux donn@es empiriques) entre les mouvements
baissiers et haussiers de la volatilitd, que tendent g@n@rer les modtles PDV n’intdgrant pas de
facteur de volatilitd historique.

Le dernier type de spdci cation consid@rg@ dans ce chapitre vise proposer des formalisations qui

concilient la nature hautement endogtne des dynamiques de prix, r@sultant de la proprigtd de path-
dependence de la volatilitg, avec I’hypothtse selon laquelle le prix tend long terme revenir au
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voisinage de sa "valeur fondamentale". Deux mod@lisations concurrentes sont alors proposges.

Dans la premitre, I’'ajustement entre le prix et la valeur fondamentale s’e ectue par une variation
du niveau de volatilitd d’attraction. Sous le jeu d’hypothtses consid@rg, la volatilitd d’attraction
est croissante la fois de I'dcart entre le taux de croissance de la valeur fondamentale et le taux
sans risque, ainsi que de I'@cart entre le prix et la valeur fondamentale. Ainsi, les variations de la
volatilitd d’attraction entra nent des modi cations du niveau de volatilitd qui, leur tour, par un
e et de prime de risque (dont la structure reste inchang@e), engendrent un ajustement du niveau
du drift.

La seconde spdci cation inverse la relation causale, en consacrant la prime de risque comme op@ra-
teur d’ajustement entre le prix et la valeur fondamentale. Ainsi, dans cette seconde hypothtse, alors
que la volatilitg d’attraction reste constante, les primes de volatilitd et de variance augmentent avec
le di @rentiel entre le taux de croissance de la valeur fondamentale et le taux sans risque, ainsi
gu’avec celui entre le prix et la valeur fondamentale. De plus, la relation positive entre la prime de
risque et la force de retour la moyenne engendre une relation croissante entre cette force et les
@carts entre le taux de croissance de la valeur fondamentale et le taux sans risque, ainsi qu’entre la
valeur fondamentale et le prix.

1.3.4 Deep Estimation for Volatility Forecasting

Le cinquitme chapitre occupe une place quelque peu singulitre dans la thtse. Contrairement aux
chapitres 2, 3, 4 et 6 ax@s sur la question de la modg@lisation des dynamiques de prix et de volatilitd,
le chapitre 5 s’attache traiter une probl@matique connexe. L’objectif est d’introduire une nouvelle
m@thode d’estimation sur donnfes historiques de modtles de volatilitd stochastique tels que ceux
consid@rds dans les chapitres 2, 3, et 4 , dans une perspective de prddiction des deux premiers
moments de la volatilitd  di @rents horizons. Ce chapitre se focalise plus sp@ci quement sur
I'estimation d’'un RPDV model particulier. Toutefois, le principe g@n@dral de I'approche proposge
peut Etre appliqud I’estimation de tout autre modtle de dynamique de prix univari@.

Le chapitre commence par formaliser le probltme d’estimation consid@r? dans les coordonn@es de la
th@orie bay@sienne de la ddcision. L’adoption de ce cadre th@orique aboutit traduire le probltme
d’estimation en un programme d’optimisation r@soudre, dans lequel la fonction objectif est une
esp@rance de col3t. Ce cof3t est dftermin@ par la di @rence entre les moments de volatilitd associds
aux paramttres rfels et ceux associds aux paramttres estim@s. L’esp@rance, quant elle, est dg nie
sous une mesure postdrieure induite par une mesure a priori sur les paramttres estimer mise
jour par les donn@es disponibles partir desquelles on cherche estimer le modtle.

La r@solution du programme d’optimisation consid@r@ pose cependant deux d@ s majeurs : d’une

part, le calcul direct de la mesure post@rieure assocife la fonction objectif est impraticable ; d’autre
part, la fonction des moments du processus de volatilitd n’admet pas de formule ferm@e connue. Le
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premier obstacle est contourn@ en consid@rant un programme d’optimisation connexe sous la mesure
a priori, qui elle est connue. Il est ainsi ddmontr@ que, sous certaines hypothtses raisonnables, la
rdsolution de ce nouveau probltme d’optimisation permet asymptotiquement de r@soudre le prob-
Ikme initial sous la mesure post@rieure. Le chapitre introduit donc un r@seau de neurones (NN)
estimateur qui vise d@terminer, partir d’'une matrice de donnges, les paramttres solutions de
ce nouveau programme d’optimisation. Cependant, I’entra nement de ce NN requiert toujours la
fonction des moments, pour laquelle on ne dispose pas de formule analytique. Cette absence est
pallide par I'introduction d’un second NN charg@ d’approximer cette fonction des moments.

Ces fldments aboutissent ainsi  formaliser la proc@dure d’estimation qui se compose de trois grandes
@tapes. La premitre consiste g@n@rer les donndes d’entra nement partir du modtle de dynamique
des prix et de la volatilitd que I'on cherche estimer, en utilisant des vecteurs de paramttres tirgs
de la mesure a priori. Dans un second temps, le NN servant de proxy de la fonction des moments
est entrand partir de ces donnges. En n, le NN estimateur est entra ng par interaction avec le
second NN. Ce dernier sert calculer le co3t des jeux de paramttres propos@s par le NN estimateur.
Gr ce ce calcul, le NN estimateur peut alors s’ajuster en cons@quence.  I’issue de ces @tapes, le
NN estimateur peut alors Etre utilisd pour estimer les paramttres du modtle de volatilitd consid@rg.

Cette proc@dure d’estimation est ensuite soumise une @valuation approfondie sur donng@es synthg-
tiques, puis sur donnf@es de march@. Sur donn@es synthgtiques d’abord, les r@sultats des @valuations
menfes dgmontrent que la proc@dure atteint bien son objectif. Ainsi, les moments pr@dits associds
aux paramttres estim@s sont trts proches des moments r@els. Sur donnges de marchd, les r@sultats
obtenus sont | encore encourageants bien que plus contrast@s. Globalement, le modtle de volatilit?
entra ng par la m@thode proposf@e surclasse signi cativement les benchmarks de la litt@rature pour
les pr@dictions de volatilitd sur les horizons sup@rieurs une semaine. Cependant, ses performances
pr@dictives sont moindres pour les horizons plus courts, typiquement d’une journge. Deux explica-
tions sont alors avancdes pour expliquer ces performances h@td@rogtnes selon I’horizon temporel con-
sid@r@. La premitre tient au choix du modtle de volatilitd qui induit certaines hypothtses implicites
sur le comportement rfel de la volatilitd. Dans le cadre de cette premitre explication, I’adoption
d’un modtle de volatilitd plus exible pourrait accro tre la capacitd pr@dictive de I'approche pour
les horizons courts. La seconde explication avanc@e repose sur la m@thode d’estimation elle-mEme.
Plus particulitrement, le fait que le NN estimateur soit uniquement entra n@ sur des donnges syn-
th@tiques non bruitdes avec un pas de temps constant, | og les donnges r@elles pr@sentent des
irrdgularitgs telles que la variabilitd de la frdquence d’observation, pourrait introduire un biais dans
la pr@diction des variables d’gtat, biais dont I'importance ddcro t avec I’horizon de pr@diction. Des
amendements de la m@thode d’estimation propos@e sont donc envisagds a n de rendre I’'approche
plus robuste, comme le bruitage volontaire des donn@es d’entra nement ou un apprentissage partiel
du NN estimateur partir de donnges rdelles.
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1.3.5 The Factorial Path-Dependent Market Model

Le dernier chapitre de la thtse s’attaque la mod@lisation des dynamiques de prix multi-actifs.
L’objectif est ici de proposer un cadre de mod@lisation capable de rendre compte conjointement des
di frentes caract@ristiques empiriques des dynamiques de prix r@pertorifes en section 1.2.1. Pour
ce faire, un certain nombre d’iddes-forces, originellement con ues dans un contexte de mod@lisation
univaride, sont red@ployfes dans un cadre @tendu de modg@lisation multi-factorielle et multi-actifs.

Le cadre g@ndral de modglisation adoptd ici correspond la formalisation d@ nie en section 1.2.2.2,
dans laquelle les dynamiques des actifs sont d@crites par une combinaison linfaire de dynamiques de
facteurs suivant des processus d’It de browniens ind@pendants. Ces facteurs, quali @s de facteurs
gldmentaires, se scindent en deux groupes : les facteurs communs aux di @rents actifs, et les facteurs
idiosyncratiques. Si cette formalisation est relativement standard dans la littdrature nancitre, le
modtle propos@ se singularise par sa sp@ci cation des drifts et des volatilitgs factorielles, qui fait
de ces composantes des processus essentiellement fonction des trajectoires passges d’un ensemble
de portefeuilles de facteurs @ldmentaires. Pour chacun de ces portefeuilles, I'information dont
ddpendent les drifts et les volatilitds factorielles est agr@gfe dans deux types de variables d’ftat
. la premitre est un produit convolutif de la dynamique passfe du portefeuille, la seconde, une
variable de volatilitd historique de ce portefeuille. Ces variables dfterminent le niveau des drifts et
des volatilit@s factorielles, produisant ainsi une path-dependence factorielle du vecteur des prix.

Le vecteur des volatilitds factorielles d’abord est d@ ni comme le produit (au sens multiplicatif) de
trois composantes. La premitre, qui constitue la partie purement path-dependent des volatilitds, est
une fonction multilinfaire des variables d’dtat engendr@es par les portefeuilles factoriels. C’est par
cette composante que sont capturfs les di @rents e ets ddcoulant de la relation entre les trajectoires
des prix et les volatilitds (e et de levier, e et Zumbach). La deuxitme est un vecteur stochastique
qui moddlise les di @rents facteurs exogtnes de variation des volatilitds factorielles. Cette com-
posante a pour fonction principale de capturer les mouvements de volatilitd  court terme, voire
trts court terme,  I'origine des queues lourdes des distributions conditionnelles de rendements®
([70]). La troisitme est un op@rateur univari@ de sensibilitd du march@ aux frictions alfatoires qui
mod@lise les variations homothgtiques du systtme des volatilitds factorielles.

Le drift d’'un facteur @lgmentaire dfpend pour sa part des coe cients de r@gression instantands
de ce facteur avec les portefeuilles factoriels dont d@pendent les variables d’@tat du modtle. Plus
exactement, chacun de ces coe cients de r@gression est pond@r@ par la prime associde au portefeuille
factoriel correspondant. Ces primes r@sultent de la combinaison additive de quatre composantes
distinctes. Les deux premitres sont des primes de risque, respectivement fonction de la volatilit?
instantanfe et de la variable de volatilitd historique du portefeuille factoriel attenant. La troisitme
ddpend de la variable d@ nie par le produit convolutif de la dynamique pass@e du portefeuille, et

911 est entendu ici par "conditionnelles” les rendements corrigds de I’e et de regroupement de volatilitd  I’dchelle
journalitre.
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permet en pratique de moddliser des ph@nomtnes de r@troaction comme I'’e et momentum ou I'e et
reversal. En n, la quatritme composante peut Etre appr@hend@e comme un r@sidu potentiellement
fonction d’informations exogtnes.

Le chapitre considtre ensuite une sp@ci cation particulitre de ce modtle. Dans celle-ci, la com-
posante purement path-dependent des volatilitgs factorielles n’est fonction que de la trajectoire
passfe du facteur @lgmentaire auquel celles-ci sont respectivement associfes ainsi que de la com-
posante path-dependent de la volatilitd du facteur glgmentaire correspondant au facteur de marchg.
Ce dernier est par ailleurs I'unique facteur gldmentaire disposant d’un drift non nul, produisant
une hypothtse sur les drifts de type CAPM ([77]). Le facteur de march@ joue donc un r le central
dans cette spdci cation. D’une part, il conditionne le niveau et les dynamiques des volatilitds,
ainsi que la structure de corr@lation entre les di @rents actifs et sa dynamique, ce par le biais de la
composante purement path-dependent des volatilitgs factorielles. D’autre part, les drifts des prix
sont entitrement ddtermin@s par ce facteur de marchd.

Le chapitre d@rive alors de cette sp@ci cation un market generator, puis expose une mgthode
d’estimation de ce modtle partir d’un historique de rendement de l'univers d’investissement
consid@rd. La premitre @tape consiste d@terminer les facteurs @l@mentaires et les coe cients de
sensibilitd des actifs ces facteurs en appliquant une ddcomposition en valeurs singulitres sur la
matrice des rendements pralablement standardisde. Un algorithme optre alors une s@paration
entre les m plus grandes valeurs singulitres rattach@es au signal, des autres valeurs singulitres asso-
cifles (supposgment) au bruit contenu dans les donn@es. Les @l@ments rattach@s aux m plus grandes
valeurs singulitres sont utilisgs pour dgterminer les composantes associ@es aux facteurs glgmentaires
communs, les @lgments rattach@s aux autres valeurs singulitres pour d@terminer les composantes
associfes aux facteurs @ldmentaires idiosyncratiques. De plus, les @l@dments se rapportant la plus
grande valeur singulitre sont appr@hend@s comme les composantes du facteur de march@. Sur la
base de cette dgcomposition, une m@thode d@riv@e du maximum de vraisemblance est utilisfe pour
ddterminer le reste des paramttres du modtle associfs aux drifts et aux volatilitds factorielles.

Le market generator estim@ partir de cette m@thode est ensuite @valud via di @rents tests op@rds
hors @chantillon, en consid@rant comme univers d’investissement 436 actions du S&P500.

En premier lieu, les distributions marginales des rendements d’actifs di @rentes @chelles de temps
issues des simulations se r@vtlent globalement trts coh@rentes avec leurs contreparties empiriques.
De mEme, les di @rentes propriftds trajectorielles caractdristiques des dynamiques individuelles de
prix expos@es en section 1.2.2.2 sont @galement bien reproduites. Sur le plan de la mod@lisation des
caractdristiques empiriques propres au cadre multivarig, le modtle se r@vtle ggalement convaincant.
En particulier, I'estimateur de la matrice de covariance calculd partir des donng@es simulfes par
le modtle pr@sente des performances hors @chantillon signi cativement meilleures que celles des
estimateurs de la matrice de covariance calcul@s sur donnfes historiques.
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Il est en n montrd que le market generator propos@ constitue un outil puissant pour le backtesting
de stratfgies. Ainsi, les proprigtds empiriques des di @rentes stratdgies considdr@es, notamment les
moments des distributions de rendements di @rentes @chelles de temps, sont globalement bien
reproduites. En outre, pour la plupart des paires de stratdgies considdr@es, les corr@lations pr@dites
sont assez proches de leurs contreparties empiriques. Cependant, la di @rence entre les corr@lations
sur donn@es simuldes et celles sur donn@es empiriques est assez signi cative pour les strat@gies
dynamiques dont la composition ddpend des tendances passfes des prix (stratggies de type trend-
following ou reversal, rebalanc@es frdqguemment). Ce fort di @rentiel semble donc indiquer que la
sp@ci cation de la d@rive, pla ant le facteur de march@ comme unique d@terminant des drifts des
actifs, est probablement trop simpliste et m@riterait d’Gtre amendge.
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CHAPTER 2

The EWMA Heston Model

Abstract

This chapter introduces the exponentially weighted moving average (EWMA) Heston model, a
Markovian stochastic volatility model able to capture a wide range of empirical features related
to volatility dynamics while being more tractable for simulations than rough volatility models
based on fractional processes. After presenting the model and its principal characteristics,
our analysis focuses on the use of its associated Euler-discretization scheme as a time-series
generator for Monte-Carlo simulations. Using this discretization scheme, and on the basis of
S&P500 empirical time series, we show that the EWMA Heston model is overall consistent with
market data, making it a credible alternative to other existing stochastic volatility models.

2.1 Introduction

The modeling of asset price dynamics is one of the most important issues in quantitative nance
and has resulted in a large body of academic research. It has for long been established that the
modeling quality of a price dynamics model depends to a large extent, on its ability to accurately
reproduce the empirical features of volatility dynamics. Di erent approaches have been applied to
take account of this.

The ARCH (or autoregressive conditional heteroskedasticity) family of models is one of the most
important approaches and includes a wide range of variants able to describe the stylized facts of

nancial time series. For instance, the famous generalized ARCH or GARCH model ([92]) in which
the variance process depends on an exponential moving average of past squared returns provides
a good representation of many of the empirical features of nancial data, such as tail heaviness,
volatility clustering, and feedback e ect. More sophisticated extensions such as the EGARCH
([163]), NGARCH ([136]), FIGARCH ([17], [26]) and QGARCH ([43]) models, further improved
modeling quality by reproducing other features of nancial time series including the leverage e ect,
time-reversal asymmetry, and the feedback e ect.
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Although some of these models have continuous-time counterparts this family of models in its canon-
ical form adopts a discrete-time approach. However, some nancial issues require a continuous-time
framework which led to the parallel development of other continuous-time stochastic volatility mod-
els.

Notable examples include the Stein-Stein ([191]), Heston ([121]), and Bergomi ([27]) models. While
these models o er signi cant advantages in terms of modeling and tractability due to their Marko-
vian nature, they fail to capture certain key empirical properties of volatility. These shortcomings
have, to a large extent, motivated the introduction of rough volatility models, which in turn suc-
ceed in capturing a substantial portion of these properties ([23], [89], [90], [91]). However, despite
their strengths, the application of rough volatility models in Monte Carlo experiments, particularly
in risk or asset management contexts, faces certain limitations. First, these models are founded
on non-Markovian and non-semimartingale processes, which makes unbiased simulations based on
such models a tricky task ([91]). In addition to the strictly technical issues, some empirical features
of the realized volatility are not entirely captured by this type of model ([39], [106]).

The present chapter introduces a new stochastic volatility model - the EWMA Heston model (HM)
- which aims to address some aspects of these di erent issues. The aim is to propose a model able
to reproduce a broad spectrum of empirical features related to volatility dynamics while being more
tractable for simulations than rough volatility models based on fractional stochastic processes. We
show that, while being Markovian, the EWMA HM can capture the di erent dimensions of the
Zumbach e ect and accurately reproduce the joint dynamics of the asset returns and volatility, as
well as the empirical returns and volatility distributions for di erent time horizons. Unlike most
of the academic literature on stochastic volatility models, the present chapter deals not with the
model’s application for derivative pricing issues but focuses instead on the model’s use as a tool for
Monte Carlo experiments.

The chapter is organized as follows. First, we present the EWMA HM and its principal charac-
teristics. Second, we consider a given speci cation pf this model and one of its limit-case with
interesting properties. Third, we compare the EWMA HM with stochastic volatility models based
on quadratic Hawkes processes ([39], [80], [105]), to highlight their similarities and their di erences.
We then focus on use of its associated Euler-discretization scheme as a time-series generator for
Monte-Carlo simulations. Using this discretization, the consistency of this model is evaluated a-
gainst empirical data from the S&P 500 time series. It is demonstrated that this version of the
EWMA HM fairly well reproduces the empirical distributions of returns and volatilities while also
capturing subtle properties of nancial time series, such as time-reversal asymmetry. However,
it is also shown that this version has shortcomings in capturing the autocorrelation structure of
empirical volatility, suggesting that a version of the EWMA HM with multiple exponentials might
be better suited for modeling the slow decay in the memory of empirical volatility.
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2.2 The EWMA Heston model

2.2.1 Presentation of the model

Let us introduce the EWMA HM de ned by the following stochastic di erential equations (SDES)
system?:

8d
g = dt+PVaw,
t

l S

Ve =1 @md? Ve dt+ (& moPVidB 2.
1

%dmt = 1 @ tdt mtdt

= St

where fWgeo7 and fBgeor are Brownian motions such as dw;dB = 2 [ 1:1], 1; 2R,
2f0;1g, 1ad 1 vector of ones, m¢ 2 RY, ad d diagonal matrix as 8j 2 f1;:::; dg; iii 2 R+,
and with Ry RY ¥ R,.

The speci city of this extension of the HM lies in the process . Whereas in the standard HM 2 is
a constant and corresponds to the "long variance" of price, here it is an attraction variance function
of the d-dimensional random vector my solution of the third SDE of (2.1)

z t

me=mee '+ e W 45y

du
0 Su !

Therefore, each coordinate of m; corresponds to an exponential weighted moving average (EWMA)
estimator of the price trend adjusted (i.e. = 1) ornot (i.e. = 0) by its deterministic component.
Due to the dependence between m¢ and the attraction volatility ¢, the model is able to capture the
leverage e ect, even if FW gio1 and fBgiot are uncorrelated. More importantly, this property makes
the EWMA HM structurally adapted to capturing the "strong Zumbach e ect" which corresponds
to the fact that "conditional dynamics of volatility with respect to the past depend not only on
the past volatility trajectory but also on the historical price path" ([106] p.3). The properties
of the EWMA HM imply that it is included in the family of path-dependent volatility models
([116]). Additionally, the generic nature of the EWMA HM allows it to capture a wide array of
path dependencies through attraction volatility. For instance, exploiting the results in [40] or [2],
makes it possible to use a speci cation of and (:) in a way that mimics the behavior of a process
with a power-law kernel.

After setting out this general framework, we now focus on an EWMA HM where = 0 and my

1The questions regarding the conditions for the existence and uniqueness of solutions for the system in 2.1 will
not be addressed in this work. Moreover, the exotic nature of the system generated by the process makes it di cult
to relate to existing literature, except in the speci c case where is a constant. Therefore, these technical issues
warrant further investigation in future works.
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depends on a uniqgue EWMA parameter (i.e. my is a scalar), de ned by the following SDE system:

8dS
871: = tdt+thth
t
1 _
dvi == & Vedt+ tthdBt (2.2)
1
dt ds
%d t = t+_+ — —=
t 2 2 St
where Vo; o; ; 1, 2 R+ and 2 R. We assume also that 8 t 2 T the Feller condition is
respected?:
2 2
25 o s
1 1

At rst sight, because the attraction volatility is described here by its dynamic through an SDE,
membership of this model in the family of EWMA HMs de ned above is not obvious. To highlight
this and fully understand the concrete e ects of the historical price path on the volatility in this
EWMA HM, we need to consider the SDE describing attraction volatility. First, notice that if
=0, given o> _, the dynamic of the attraction volatility is described by an ordinary di erential
equation (ODE) that converges as follows®:
, o+ +PEag

lim ==
ty+1 2

Therefore, in this speci ¢ case (where = 0), the EWMA HM converges toward a standard HM.
To consider the dynamics of ¢ in the general case, weset f ¢t = te% and apply the It lemma:

eL t eL eL ds
df ¢t == dt+esd ¢ = — + +  dt i
2 2t _ 2 St
Thus, the solution of the SDE is
Z t Z t
e= e AL eF@O 4 4 gy L et t)dsﬁ:
2 0 u — |2 0 {7 LI}
M

This relationship clari es the membership of the model in (2.1), highlighting that the attraction
variance is indeed a time-dependent process function of m¢, an EWMA of the past returns of
fSgioT, Which is the solution of the following SDE when mg = 0:

1 dS;

dme = = St
YT, s

mdt :

Further, from a statistical point of view, this process fmgi>t has a theoretical foundation since it

2The fact that the Feller condition 8 t 2 T is respected implies that v stays strictly positive (as in the standard
Cox-Ingersoll-Ross (CIR) processes) but has yet to be demonstrated.
3See appendix 4.B.
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can be considered the Kalman Iter estimator of an unobservable trend ([119], [56], [129]). The
sensitivity of the attraction volatility to this trend estimator is de ned by the parameter . Since

is positive, the model is able to capture the leverage e ect, even when fTWgio1 and fBgiot are
uncorrelated. This aspect of the EWMA HM makes it more appropriate to model stock market
dynamics where the empirical leverage e ect is stronger than in other markets such as foreign
exchanges which have no leverage e ects. Another important and related element is the asymmetry
between the positive and negative trends in attraction volatility. The fact that the repulsion force
approaches in nity when the attraction volatility tends toward _, means attraction volatility cannot
fall below _. Therefore, _ constitutes the oor attraction volatility value which means that a long
period of a strong positive trend leads to a period where attraction volatility remains around _.
Conversely, long periods of a strong negative trend make _ converge toward an a ne relationship
of m¢. Indeed, a negative trend increases attraction volatility which decreases the repulsion force
produced by t—7dt. Consequently, the more negative my, the closer d ¢ becomes to  dm¢. The
speed of the convergence depends on the parameter . All other things being equal, the lower
the value of , the greater the rate of convergence toward this situation. Furthermore, similar to
the parameter  but related less directly, the value of shows a positive relation to the expected
attraction volatility.

These features of the attraction volatility process allow a better speci cation of the variance process.
Based on the above results, the spot variance can be written as:

Z Z
_t 17t 4 toy P—
Ve=Voes + = et D 2qu+ e T D TV dBy:
ZOt 0 7z . dS
t 1 1
¢= ez + = e +_+ du — ez DM
2 0 u o 2 0 Su

Also, the variance process can be written such that it more clearly demonstrates the impact of the
past trend on the variance:

zZ, z

t 1 E vy P—
Ve=Voe: + =  e1¢ 9z, myldu+ eiU 9%z, my) V,dBy:
1.0 0
t 1 z toy
zi= e +— ez"Y 4+ + du
2 0 u _

The above expression emphasizes that the strong Zumbach e ect is encoded by the model since the
volatility is a function of past price trends through m¢. It shows also that the model reproduces the
guadratic feedback of the price trends on volatility. Additionally, note that fvgiot exhibits a very
interesting mathematical property related to its dependence on the past. We see that in contrast
to rough volatility models ([91]) the variance process in the EWMA HM is Markovian with the
state vector (V¢; ¢). This Markovian property makes the model very tractable for Monte-Carlo
simulations based on a discretization scheme of the associated SDE system.
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2.2.2 The thresholded version of the model as a limit-case

Following our presentation of the EWMA HM, in the remainder of the chapter we focus on the
case 2.2 where  tends toward zero while remaining strictly positive. In this limit case, attraction
volatility is given by:

t=_+( M)+ (2.3)

Thus, the SDE system associated with the EWMA HM can be rewritten as:

8dS
?t = tdt + thth
t
1 __
th = 7 t2 Vi dt + tthdBt
1
%dmt = — ‘dSt mtdt ;
2 St

where ¢ is equal to (2.3).

Since is strictly positive, there exists a threshold value of m below which the attraction val-
ue of the volatility follows an a ne relation with m; (see gure 5.1). This critical point is reached
when m¢ is zero. Thus, this value is de ned by

m=—:
Using m, we can rewrite the attraction volatility as follows:
t=_+ (M my)s:
Equivalently, the attraction variance is equal to
=% fme=mg (M m)?+2_ (m my):

Thus, when the past trend of the asset measured by an EWMA of its past returns is below the
threshold value m, all variations of this EWMA result in a proportional change in its attraction
volatility:

formg m
dmy = else.

This result also allows us to deduce the occurrence of a reversal e ect if the past market trend is
negative. Let us assume that the market portfolio price dynamics follow the SDE system associated
with the thresholded version of the EWMA HM, and the trend parameter of the price is given by
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the following a ne relationship:

pP_
t=r+ Vg

where r is the free-risk rate. To determine the type of relationship linking the respective dynamics

of m and

Under this hypothesis, we have

, we consider the following simpli ed case:

lim Vi = t2:
1; 20

form¢ m

else.

Consequently, in this simpli ed framework, if m¢ < m, the joint dynamics of mand are negatively

correlated even if the two Brownian motion fBgiot and fWgior are independent (i.e.

= 0). More

generally, this relation remains true if ; is strictly positive and 2 [ 1:0]. In nancial terms,
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Figure 2.1: The relationship between the attraction volatility process
and the trend parameter my in the thresholded EWMA Heston model.

e
w

o
[N]

- Attraction Volatility Line
# Critical Point

-0.8

-0.6

-0.4

-0.2

0.0 0.2 0.4 0.6

EWMA of Past Returns

this relationship can be
viewed as a reversal e ec-
t, in the sense that a neg-
ative past trend (such as
m¢ < m) increases the ac-
tual price trend.
er, note that unlike the as-
sumption in behaviorist ex-
planations ([84]), this mod-
el reversal e ect is not a
market anomaly. Indeed,
the increase in the returns
trend of a given asset fol-
lowing a strong fall in its
price is due not to the cor-
rection of a market overre-
action but to a pure mar-
ket premium e ect. In ad-
dition, this reversal e ec-
t emerges only if m¢ < m

Howev-

which causes an asymmetry depending on the type of trend. Thus, positive trends such as m¢ > m
do not produce this type of reversal e ect which results from a movement in the attraction volatility.
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2.2.3 Comparison with volatility models based on quadratic Hawkes pro-
cesses

The EWMA HM has some links to the quadratic volatility models introduced by Blanc et al. ([39])
and developed by Dandapani et al. ([80]). To highlight the similarities between these models, we
focus on the case of the thresholded version of the EWMA HM where ; ; 3 = 0. In this speci ¢
case, we have:

8dS P
%J =" VedW;
St
Vi :722"' fme<mg 2(m mt)2+27 (m mt)
t
?mt _1 i@ nYSu.
0 Su

This system of equations can be compared with the system of equations satis ed by di erent
guadratic volatility models. First, let us focus on the pure quadratic case of the volatility model
introducgjiby Blanc et al. ([39]), where the kernel function takes the following exponential form
k(t) = 2e t. For simplicity, we describe this model as the pure quadratic volatility model
(PQVM). Notice that both the PQVM and the EWMA HM satisfy the following equations:

8dS
t
Vt = 72 + bt bt(m mt)2 +2 (m mt)
= f
m _ 1 1(u t) dSu
- t -
0 SU

with respectively

Pure Quadratig Volatility Model EWMA Heston Model
bt 2 fme<mg
m 0 -
0 _
suchas ; ;_2R4+; 2[0:1].

Using this formulation, we can see that these two models present several similarities. The most
important one is that, in both models, the variance is a quadratic function of an EWMA of past
returns. Note however that, in contrast to the PQVM, in the EWMA HM the linear term in my
is non-zero. This di erence stems from the linear sensitivity to m; of the volatility (if m¢ < m) in
the EWMA HM, while in the PQVM, it is the variance that is linearly sensitive to m¢. Another
important speci city of the model which constitutes one of the main di erences with the various
guadratic volatility models discussed in the literature ([39], [80], [106]) is the switching behavior
caused by the indicator function fm,<mg. This is con rmed if we consider the quadratic rough HM
(QRHM). In contrast to the PQVM, the QRHM encodes the empirical asymmetry of the feedback
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e ect. However, this asymmetry is not captured in exactly the same way as in the EWMA HM.
To highlight this point, note that both the EWMA HM considered and the QRHM described in
section 4 in [106] respect the following equations:

8dS
5 = vaw

t
Vt = + btzbt(m n’]t)2 +2 (rzn mt)

§ t t dSu
~my = Mg f(t s)ymds+  f(t 9) ;
0 0 Su

with respectively:

Quadratic Rough Heston Model EWMA Heston Model
bt a fme<mg
0 P
1
1
f(u) u "5

suchas ;a; ; ;p2R+; 2[0:5:1].

Again, one of the main di erences between the two models concerns the parameter by, and the
related switching behavior of the EWMA HM considered. Whereas in the QRHM this parameter
is a positive constant, in the EWMA HM it is the product of a constant and an indicator function.
This di erence implies an alternative way to capture the empirical asymmetry between positive
and negative trends in volatility. In the QRHM, this asymmetry is covered only by the parameter
m. In concrete terms, this means that even though positive and negative trends have asymmetric
impacts on the volatility, a strong positive trend such as m¢ > m increases volatility in the QRHM.
However, since m¢ > m, the trend measured by m has no impact on the volatility in the EWMA
HM considered. In addition, while in the QRHM the variance is an a ne function of the squared
di erence between m¢ and m, the variance depends also on the absolute value of this di erence.
At the same time, unlike in the PQVM, the trend parameter m in the QRHM is not an EWMA of
past returns. In this case the kernel used to model the dependency between past price trends and
spot volatility, is a rough one. This change has several important implications. First, the model
is no longer Markovian in terms of its variables (S;V). Second, an important consequence of this
choice is that the "memory" of m decays as a power law in the QRHM, while in the EWMA HM
the memory decays exponentially. Note however that in both cases, m is highly sensitive to recent
returns. Third, the reasons for the emergence of irregular behavior of the volatility over short time
scales are di erent between the QRHM and the general EWMA HM. In the QRHM, the roughness
of the volatility paths stems from the characteristics of its power law kernel whereas in the EWMA
HM, this erratic volatility process behavior emerges under certain conditions due to antagonist
e ects produced on the one hand by the reversal e ect of the variance process, and on the other
hand by the volatility of this variance.
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2.2.4 Model discretization scheme

As referred to in the introduction, a major strength of the EWMA HM compared to rough volatility
models is its ease of use for Monte-Carlo simulations. The simplest way to run discrete-time
simulations of the thresholded version of the EWMA HM is to use a Euler-type discretization
scheme ([151]), analogous to a full truncated Euler scheme for the standard HM ([142]). We thus
propose the following simple discretization scheme?:

o
St#1 =St +St t t+ (Vo)+Zi+1

1 Siv1 St
My = Mg + — — s me t
2 t
t+1 = _ + max(0; Me+1)

1 P—— pP——
Vier =Ve+ = 1? (V)+ t+ 1 (Vv Zga+ 1 2Xt+1 ;
1
where X and Z; are i.i.d. random variables associated with the Gaussian distribution N (0; t).

It should be noted that this scheme requires a su ciently small time step t to ensure its sta-
bility. First, it is clear that t=; and t= , must be strictly less than 1. Moreover, the value of

t determines the probability of obtaining a negative value for V without the adjustment applied
by (:)+. Indeed:

P
Vier N Vi+— 1° Ve § o1 Vi o t

Consequently:
1

Ol
= Ve w12tV
P(Verr 0) = §l PV §;
+

where is the cumulative distribution function of the standard normal distribution. Also, since
; >0andassoonas t=1<1:
lim 1)=0:
tl! O+ ( )
Regarding the trend component of fSgi>T, for the following simulations we assume = th.

This implies replacing ¢ with (Vo)+ in the discretization scheme. In addition, to simulate future
potential volatility trajectories for an asset from a given date t, requires m¢ to be estimated. The

4The convergence of this discretization scheme is still to be demonstrated.
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natural estimator of this parameter is given by the following discrete EWMA:

1 X Sttt St t
my = — 2 .
2., St (i+1) t
To x the value of n, we can write that:
Z
1°t 1 n
= ezl 9%u=1 e "7
2 tnt

Consequently, for a given proportion of the total weighting of the EWMA (in a continuous time
framework), we have:

n_t

=1 e 2

log(1 ).
271: .

The above equation allows us to x n, given ,; tand

2.3 Consistency of the model with market data

To assess the e ectiveness of the model for capturing empirical nancial phenomena, we use as
market data the price and volatility dynamics of the S&P500 for the period July 23, 2001, to July
23, 2021. To estimate the volatility, we use the square root of the realized variance computed
from 5-min samples provided by the Oxford-Man Institute of Quantitative Finance®. We compare
these market data with a set of synthetic data comprised of 1000 simulations for each of 20 years,
generated from the Euler scheme of the thresholded version of the EWMA HM, using a time
step equal to ﬁ expressed in years. To t the model, we use the ad-hoc estimation procedure
presented in appendix 2.B. This restults in the following parameters:

1 2 —
0.5575 -0.465 0.0013 4295 0.276 0.0595 0.1033 0:419

Table 2.1: The parameters obtained from the calibration procedure.

These parameter values need some explanation. First, let us consider the value taken by  which
is setting the long-term drift. To obtain an order of magnitude for the expected value of the drift
(i.e. E[ ¢]), we can use the product of the mean of the realized volatility of the S&P500 by this
parameter as a proxy. The mean of the realized volatility is 13.1%, so the value obtained is 7.3%
(0:5575 0:131  7:3%). This rough estimation of E[ ] is consistent with the annualized empirical

5The data are available at: https://realized.oxford-man.ox.ac.uk/data.
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daily mean of the returns which is equal to 7.3% (the S&P500 empirical mean of daily returns is
equal to 0:028%: thus (1+0:028%)%%2  7:3%). Also interesting is that the value of 1 is extremely
low compared to the range of values it takes in the standard HM tted on market data ([160]). Since
the unit of ; isin years, ; equal to 0.0013 means that the average duration of the deviation of the
variance from this attraction value is of the order of 0.5 days 0:0013 365 0:5 . In other words,
the reversion of the variance process toward the attraction variance is a short term phenomenon.
This should understood in the context of the very high value taken by , implying that over very
short time scales the variance process is dominated by randomness. The combination of these two
e ects - high randomness of V; at the time scale dt and short time reversion toward 2 - results
in erratic volatility behavior over the short term, and allows the roughness of empirical volatility
paths to be mimicked. Consequently, while in the standard HM the volatility serial correlation is
highly dependent on 1, here, it depends almost exclusively on the attraction variance ¢>. As a
result and given the value of », the autocorrelation of the volatility depends on a medium-term
price trend of the order of 3.3 months 0:276 12  3:3 , and not directly on past endogenous
volatility movements. Thus, there is a decoupling between the short and the longer-term behavior
of the volatility, a property whose importance was emphasized notably by Bennedsen et al. ([29]).

2.3.1 The relationship between EWMASs of returns and the volatility

If the EWMA HM is consistent, the market data should exhibit an a ne relationship between
the EWMA of past returns and realized volatility when the EWMA of past returns is signi cantly
negative. However, if the EWMA of past returns is signi cantly positive, these two variables
should be fairly independent. These relationships are con rmed in gure 2.2. Another interesting
fact that emerges in relation to the optimal slope coe cient (optimal in the least square sense)
of the regression of the form th = _ +( m¢)+ + ¢ is that for di erent past %{VMAS of
the returns (with di erent values of ), the optimal slope coe cient is very close to®: 2-. " 2
occurs because it corresponds to the inverse of the asymptotic standard deviation of an EWMA
with parameter of a Brownian motion (see appendix 2.C). The rationale for P is not so obvious.
As it stands, this could either be a simple value with no particular signi cance or suggest a deeper

relationship, possibly related to ﬁ with (:) the gamma function.

SFor other examples of this empirical relationship, see appendix 2.D.
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Figure 2.2: The empirical relationship between the realized volatility of the S&P500 and the EW-
MAs of its past returns for di erent values of expressed in years. -EHHEd lines are regressions
of the form th =_ +( m¢)+ with a slope coe cient equal to  2-. These regressions are

respectively associated with the following R-squared: 0.558,0.547, 0.523, 0.498.

2.3.2 The dynamics of price and volatility

Let us begin our comparison of the synthetic data produced by the EWMA HM and the S&P500
empirical data, by focusing on the joint price and volatility dynamics. A general observation that
emerges from this comparison (see gures 2.3 and 2.4) is that the simulated price and volatility
trajectory features resemble those of the empirical data.
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Figure 2.3: Empirical joint evolution of the S&P500 and its annualized daily realized volatility over
20, 3 and 1 years.
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Figure 2.4: Joint evolution of the S&P500 and its associated volatility over 20, 3 and 1 years
simulated from the tted EWMA Heston model.

In particular, in both cases, volatility spikes immediately after large negative returns of the index
and then decreases gradually. Also, in each case the long positive price trends are periods where
volatility is relatively stable and low. If we consider the volatility dynamics more speci cally, we
see that the model is able also to capture the empirical coexistence of long periods of low volatility
with other periods when volatility is very high. Moreover, the irregular behavior of volatility over
short time scales is, from a visual standpoint, accurately captured by the model.

These general observations require completion by a more in-depth comparison between the features
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characterizing the volatility dynamics produced by the model and the features of the realized
volatility. We next focus on two features of the volatility: its autocorrelation function (ACF) and
its roughness.

2.3.2.1 The autocorrelation function of the volatility process

The serial correlation of the volatility is an important feature of its dynamics. In gure 2.5 we
observe that the ACF of the simulated volatility paths is generally consistent with the market data.

S&P500 asl 1 . S&P500
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>
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Figure 2.5; Autocorrelation of the volatility in the short and longer-term.

However, the short-medium term (between 1 and 60 trading days) and the longer-term must be
analyzed separately. In the case of small lags (less than 60 trading days), the autocorrelations
associated with the volatility paths generated by the model are very close to their empirical coun-
terparts. Over this time horizon, not only are all empirical autocorrelations within the model’s
estimated con dence intervals’, they are also close to their expected values. In the case of longer
lags, the situation changes slightly. The ACF exhibits faster decay in the model compared to the
empirical data. However, this di erence between the empirical and the model data should be tem-
pered by the fact that the empirical autocorrelations are within the 95% con dence interval of the
model. Consequently, it is di cult to be de nitive about the capacity of the model to account
accurately for the ACF in the real volatility process. However, the academic literature ([83], [70])
tends towards the hypothesis that the model ACF decays too rapidly compared to the market data.
This fast decay is due to the fact that the ACF of the volatility is determined primarily by an expo-
nential kernel through the trend process m¢. A possible modi cation of the thresholded version of
the EWMA HM model allowing a volatility process with a more exible memory structure would
involve using a linear combination of several EWMAS of past returns rather than a unique EWMA.

7This con dence interval is estimated using the 2.5% and 97.5% simulation quantiles.
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In these cases, my is replaced by m¢ de ned as follows:

me= we e ¢ wdSu (2.4)
k=t 0 Su

In this framework, the model still belongs to the family of EWMA HM introduced previously (2.1),
but no longer corresponds to the speci ¢ case of 2.2.

2.3.2.2 The question of volatility roughness

Although visually the EWMA HM would seem to capture the empirical roughness of the volatility
paths, this requires deeper investigation. First, note that the EWMA HM is not a rough volatility
model. Indeed, the EWMA HM is not based on a fractional process similar to a fractional Brownian
motion. Rather, it is a di usion model whose two sources of randomness are standard Brownian
motions which by de nition both have a Hurst exponent equal to 0.5. However, Rogers ([178])
and more recently Cont and Das ([72]) show that Brownian di usion models may mimic some of
the features of rough models of interest for volatility modeling. Cont and Das emphasize also that
the empirical roughness of the volatility paths might be caused not by the volatility process but
by a microstructure noise. Here, we leave aside consideration of the origins of the empirical rough
behavior of realized volatility and adopt a phenomenological approach aimed at evaluating how well
the EWMA HM mimics the empirical roughness of the volatility paths. To do this, we measure the
roughness of both the empirical and model volatility time series using two di erent methods.

The rst method is the most popular in the academic literature. It consists of estimating a rough-
ness index by running an ordinary least square (OLS) regression of the form:

log (k ;2) =c+a logtk )+ k; k=1;:;m;

where is the time step between observation of the volatility process, m is a bandwidth parameter,
and (k ;2) is the empirical second order variogram de ned as follows:

oy 1 2 2.
(k '2)_N ki=lJ|09( g+ ) logC w5

where N is the number of observations in the sample considered. Due to the nature of the data
used, sampling in s conducted daily, and not on a logarithmic scale. In order to remove the bias
induced by this sampling, we weight each observation k by

wyi = log(k +1) log(k):

The slope coe cient & obtained from the regression is used to estimate a roughness index, denoted
K, equal to 0:5a. In the case of a rough process, K can be considered a Hurst exponent estimator
([105]). However, in the present case, K is treated only as a metric to compare the behaviors of
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the real and the EWMA HM volatility processes.

The second method used to measure the roughness of time series was proposed by Bennedsen et al.
([29]). Unlike the rst method described, it has the advantage of being able to capture a possible
non-a ne relationship between (k ;2) and log(k ). The method consists of a non-linear least
squares (NLLS) regression of the form:

(k ;2)=c+bk )+ ¢ k=1mm
The index K is equal to & + 0:5.

Table 2.3 reports the roughness index F of the S&P500 and simulated volatilities obtained using
OLS and NLLS methods with di erent bandwidth parameters.

Bandwidth parameter
10 20 60 125 250 500 750
A of S&P500 data (OLS regression) 0.137 0.136 0.137 0.135 0.13 0.126 0.124
A of model data (OLS regression) 0.112 0.121 0.142 0.15 0.149 0.14 0.134
A of S&P500 data (NLLS regression) 0.082 0.078 0.116 0.072 0.046 0.091 0.07
A of model data (NLLS regression) 0.054 0.126 0.283 0.173 0.042 -0.071 -0.118

Table 2.2: Roughness index K of both S&P500 and simulated volatilities computed from OLS and
NLLS methods with di erent bandwidth parameters.
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Figure 2.6: The relationships between log (k ;2) andlog k  (left plot) and between (k ;2)
and k (right plot): S&P500 data vs EWMA Heston Model.
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First, when considering the i exponents obtained from both estimation methods, while the realized
volatility i depends only slightly on the bandwidth parameters used, this parameter has a more
signi cant in uence on the value of i for the volatility generated by the model. The reason for
this di erence becomes clearer when looking at gure 2.6. In terms of the empirical data, the
relationship between log (k ;2) and log(k ) is captured very well by an OLS model, regardless
of the time scale considered. However, the relationship between these two variables is s-shaped
in the case of the volatility process generated by the model: it is convex up to about 50 trading
days and then turns concave. Therefore, the model fails to capture the empirical relationship
between the log of the expected increments in log-volatility and the log of the time scale. As
a result, it does not reproduce the monofractal behavior observed in empirical volatility series.
This is particularly important, as this empirical relationship is a de ning characteristic of volatility
behavior, irrespective of the type of asset considered [105]. The signi cance of this model limitation
requires some quali cation insofar as over reasonable time scales the distribution of the log-volatility
increments generated by the model remain close to the empirical increments, as shown in gure
6.27. This is re ected in the fact that the distributions are close to Gaussian for both the empirical
and simulated data. Furthermore, the low (but signi cant) divergence between the variances in the
model log-volatility increments and their empirical counterparts over di erent time scales explains
a relatively similar order of magnitude of the OLS estimators of the Hurst coe cient. In contrast,
the more important divergence of the exponent K obtained using NLLS is explained by the fact
that this regression captures the nonlinearity of the relationship linking (k ;2) and log(k ). In
addition, it should be noted that K takes negative values, which emphasize that in the present
context it is not relevant to consider K as a Hurst exponent estimator ([146]). Nevertheless, in the
same way as a volatility process with a long-range autocorrelation, this model limitation could be

xed by replacing m¢ with a linear combination of multiple EWMAs of past returns (equation 2.4).

2.3.3 Volatility and log-returns distributions for di erent time horizons

In what follows we focus on the ability of the model to reproduce the empirical log-returns and aver-
age volatility distributions for di erent time horizons. First, it should be pointed out that assessing
the quality of the model on these criteria using standard statistical tools is not straightforward
([63]). These probability distributions do not originate from i.i.d. samples but from realizations
of a path-dependent process. The practical implications of this are that more often than not, the
results of a Kolmogorov-Smirnov test on log-returns or volatility distributions from two di erent
simulations of the tted model (with the same parameters) reject the null hypothesis at a 99% con-
dence level. Consequently, rather than proceeding with this type of statistical test based on the
i.i.d. data assumption, it is better to check whether the di erent moments of the distributions from
the market data are in the same range as those emerging from the tted EWMA HM simulations.
To do this, we use the already mentioned synthetic set of 1000 simulations for each 20 years. These
simulations allow us to compute the mean as well as the 15t and the 9t™" deciles of the rst four
moments of the log-returns distributions and the average volatility distributions for di erent time
horizons. Tables 2.3 and 2.4 report these metrics and the corresponding empirical moments.
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Time horizon 1 5 20 60 125 250 750

Variable
Mean of market data 0.0003 0.0013 0.0051 0.0154 0.0321 0.0641 0.1923
Avg. mean of sim. 0.0002  0.001 00038  0.0114 0.0237 0.0474 0.1423
15t decile of mean of sim. -3e-6 -1le-5 -5e-5 -0.0002 -0.0003 -0.0007 -0.002
9th decile of mean of sim. 0.0004 0.0018 0.007 0.0211 0.0439 0.0878 0.2635
Std. dev. of market data 0.0113 0.0245 0.0338 0.0789 0.1178 0.1673 0.2341
Avg. of st.deviation 0.0088 0.0233  0.047 0.0791 0.1098 0.1479 0.2304

15t decile of std. deviation of sim. | 0.0074 0.0193 0.0373 0.0581 0.0751 0.0931  0.1287
9™ decile of std. deviation of sim. | 0.0105 0.028 0.0581 0.103 0.1502 0.2132 0.3631

Skewness of market data -0.39 -0.97 -1.7 -1.49 -1.71 -1.51 -1.2
Avg. skewness of sim. -1.12 -1.19 -1.55 -1.77 -1.64 -1.25 -0.55

15t decile of skewness of sim. -1.77 -1.93 -2.62 -2.9 -2.72 -2.24 -1.24
9t decile of skewness of sim. -0.63 -0.61 -0.78 -0.92 -0.8 -0.48 0.08
Kurtosis of market data 9.32 7.77 8.42 5.25 5.57 3.3 0.72
Avg. kurtosis of sim. 13.23 10.6 9.04 7.03 4.81 2.3 -0.09

15t decile of kurtosis of sim. 5.08 3.51 2,51 1.69 0.81 -0.1 -0.97
9th decile of kurtosis of sim. 24.96 19.96 17.68 14.49 10.88 6.13 0.86

Table 2.3: The rst four moments of log-returns distributions for di erent time horizons in trading
days: S&P500 data vs synthetic data generated from the tted EWMA HM.
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Figure 2.8: Evolution of the four rst moments of the log-returns distributions in the function of
the considered time-horizon: S&P500 data vs synthetic data generated from the tted EWMA HM.
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_ Time horizon 1 5 20 60 125 250 750
Variable

Mean of market data 0.131 0.131 0.131 0.131 0.131 0.131 0.131
Avg. mean of sim. 0.129 0.129 0.129 0.129 0.129 0.129 0.129

15t decile of mean of sim. 0.115 0.115 0.115 0.115 0.115 0.115 0.115
9th decile of mean of sim. 0.145 0.145 0.145 0.145 0.145 0.145 0.145
Std. dev. of market data 0.0999 0.0903 0.0829 0.0732 0.0651  0.057  0.0403
Avg. of std.dev. of sim. 0.0887 0.0795 0.0741 0.0657 0.0559 0.0439 0.0253
15t decile of std. dev. of sim. | 0.0669 0.0581 0.0528 0.0449 0.0366 0.0272 0.0139
9th decile of std. dev. of sim. | 0.1163 0.1065 0.1009 0.0909 0.0796 0.0651  0.0402
Skewness of market data 3.42 3.18 2.88 241 2.05 1.55 0.93
Avg. skewness of sim. 2.27 2.4 2.23 1.98 1.67 1.26 0.54

15t decile of skewness of sim. 1.83 1.45 1.34 1.12 0.85 0.48 -0.12
9t decile of skewness of sim. 3.79 3.53 3.34 3.08 2.72 2.21 1.24
Kurtosis of market data 19.53 15.47 11.82 7.97 5.33 2.5 -0.37
Avg. kurtosis of sim. 12.95 9.64 7.84 5.75 3.8 1.8 -0.28

15t decile of kurtosis of sim. 5.1 3 1.94 1.01 0.14 -0.57 -1.18
9th decile of kurtosis of sim. 23.4 18.67 16.2 12.29 8.78 5.46 0.64

Table 2.4: The

rst four moments of average annualized volatility distributions for di erent time

horizons: market data vs synthetic data generated from the tted EWMA HM.
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Figure 2.10: Evolution of the rst four moments of annualized volatility distributions in the function
of the considered time-horizon: S&P500 data vs synthetic data generated from the EWMA HM.
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2.3.3.1 The log-returns distributions

The log-returns distributions generated by the model are mostly in line with those based on the
empirical data. For example, with the exception of the 1 trading day time horizon, the four rst
moments of the empirical log-returns distributions are between the corresponding 15t and the 9"
deciles of the model for all the other time horizons considered®. In addition, the relationships
between the moments of the log-returns distribution and the time-horizon are generally well re-
produced by the model. In particular, as per the market data, in the short-medium terms, the
log-returns distribution becomes more and more negatively skewed as the time horizon lengthens.
This increasing asymmetry emerges clearly in gure for both the empirical and model distribu-
tions. However, the relationship is not monotonic and beyond a certain time-horizon threshold
(approximately 65 trading days for the synthetic data), the skewness of the log-returns distribution
decreases and in the long run tends to zero. In the case of the fourth moment of the log-returns
distributions, the negative convex relationship between the value of the kurtosis and the time-
horizon produced by the model is coherent also with the market data. Another characteristic of
the empirical log-returns distributions is their heavy tails. Again, the tails of the log-returns gen-
erated by the model are mostly consistent with the empirical data, as shown in gure 2.9. This
means that the model is able to capture the possibility of large price swings, a sign of the "wild
randomness” of nancial markets ([147]). However, despite these model qualities, it should be not-
ed that unlike the log-returns distributions associated with longer time horizons, the model daily
log-returns distributions exhibit signi cant divergence from the empirical distribution (see gure
2.3.3.1). This divergence is demonstrated in the too low standard deviation and a too negative
skewness associated with the model distribution compared to the counterpart empirical data. This
raises the question of the possibility of a normal source of randomness to accurately capture price
uctuations over short time scales.

2.3.3.2 The volatility distributions

We now consider the average volatility distributions for di erent time-horizons (see table 2.3 and
gure 2.11), and observe a consistency between the model and the market data similar to that
observed for the log-returns distributions. Thus, for all the time horizons considered, the rst
four moments of the average volatility distributions computed using the market data are between
the corresponding 15t and the 9t deciles of the model and are close to their expected values. In
addition, in the case of both the empirical data and the data generated by the model, the standard
deviation, skewness, and kurtosis of the average volatility distribution adopt a decreasing convex
relationship with the time horizon considered. More generally, the shapes of the model and empirical
distributions are very similar particularly in the case of the daily annualized volatility distribution
generated by the model which almost exactly replicates the empirical distribution associated with
the S&P500 data. Although the divergence between the empirical and the model average volatility
distributions increases slightly for longer time horizons, the goodness of t remains very good.

8The 15t and 9t" deciles can be considered proxies for the lower and upper bounds of the 80% con dence intervals
of the moments of the model.

44



2.3.4 The time-reversal asymmetry

Finally, we examine the ability of the model to reproduce the time-reversal asymmetry (TRA) of
nancial time series highlighted Zumbach [203]). To assess this aspect of the model, we use the
methodology in [39], and consider the following time asymmetry ratio (TAR) for di erent lags:

D

P o

c( I

=

2"y maxGC(Y)j jC( 1))

where C is the cross-correlation function of the realized volatility and absolute returns

P .
ciy= x =1 £ Roreaj _
P, . 2 P 2’
=1 Jrd o r = & R
where jrij and R are respectively the absolute return and the realized volatility at time t, R is
the mean of the realized volatility, and jrj is the mean of the absolute returns.
Table 2.5 reports the TAR for both the empirical and synthetic data for di erent lags:
Lag (in trad. days
gd )l 1 2 s 10 20 60
TAR S&P500 data 0.072 0.047 0.032 0.019 0.011 -0.007
Average TAR of sim. data 0.074 0.04 0.013 0.004 -0.000 -0.002

Table 2.5: The TAR for di erent lags: S&P500 data vs EWMA HM.
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Figure 2.12: TAR: S&P500 data vs EWMA HM.
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numbers show that the EWMA HM provides a good representation of the empirical TRA.

Indeed, as in the case of the S&P500 data, the
TAR of the data simulated by the model follows
a convex decreasing trend as a function of the
lag size. Moreover, the order of magnitude of
the TRA generated by the EWMA HM match-
es the empirical data, and the empirical TAR is
within the estimated 95% con dence interval of
the model for all considered lags. More broadly,
the positive value of the TRA for small lags of
these synthetic data con rms that the EWMA
HM is able to capture the following aspect of
the Zumbach e ect: past absolute returns used
to forecast future volatilities are more e ective
than use of past volatilities to forecast future
absolute returns. This must be emphasized be-
cause it contradicts the idea that "models that



use Brownian SDEs are TRS by construction and cannot reproduce this asymmetry” ([39] p.17).
Note also that TAR becomes slightly negative after about 20 trading days for the synthetic data
and after about 35 trading days for the empirical data. In the case of our empirical nancial time
series, we cannot say whether or not this is a structural e ect. However, for the data generated by
the EWMA HM, the number of lags before the sign of TAR changes depends on the set of param-
eters used. For instance, for higher values of ,, TAR remains positive for longer lags. Similarly,
when using a combination of multiple exponentials to approximate a power-law kernel of t 0379,
the decay of the TAR slows down and more closely resembles the behavior observed in market data.

2.4 Conclusion

In this chapter, we proposed a EWMA HM, a Markovian model which is very tractable for Monte-
Carlo simulations and is generally consistent with market data. The model is based on a speci ¢
empirical relationship between the EWMA of returns and the realized volatility, which structure
makes it naturally adaptable to accounting for a "strong Zumbach e ect". We have shown that this
model presents some similarities with stochastic volatility models based on quadratic Hawkes pro-
cesses, models originally conceived to capture this e ect ([39], [80], [106]). Besides these theoretical
aspects, we show that based on simulations using a Euler discretization scheme, many aspects of
the model are consistent with empirical stock market data. First, it generates realistic evolutions of
an asset price combined with its associated volatility, reproducing the empirical irregular behavior
of volatility paths occurring over short time scales. We show also that both log-returns and the
model volatility distributions are consistent with the empirical results. In particular, the model
is able to capture the respective deformations of these distributions in the function of the time
horizon. Finally, the simulations show that the model also reproduces the empirical time-reversal
asymmetry of nancial time series.

However, despite all these strong qualities, the model has some shortcomings. First, in the model
serial correlation of the volatility process seems to decay much too quickly compared to the empiri-
cal data. Relatedly, the type of relationship linking the expected absolute value of the log-volatility
increments and the considered time scale di ers between the model generated data and the market
data. These two limitations both stem from the exponential memory of the volatility process in the
model compared to an empirical volatility process based on a power-law memory ([105]). However,
these shortcomings could be overcome by using a combination of several EWMASs of returns in
order to mimic a long-memory property. This potential extension could be conducted using the
more general EWMA HM framework and should be the focus of future work.

Another limitation is that we focus only on use of the EWMA HM as a time series generator

9This choice of parameterization derives from the estimated values of A obtained from market data in section
2.3.2.2, which range between 0.12 and 0.14. Thus, by taking H = 0:13, we have tH 05 =013 0:5 = 0:37,
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for Monte Carlo simulations. Its use for pricing issues needs investigation along with deeper study
of the model’s mathematical properties. We also identi ed a statistical regularity related to the
slope coe cient between the EWMAS of past returns and realized volatility, a statistical regularity
which might indicate the microstructural foundation of the EWMA HM. This is also worthy of
further investigation and substantive consideration. Thus, this chapter o ers some directions for
further research and a new volatility modeling agenda.
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Appendix 2.A Convergence of the attraction volatility under
given speci cation

Let us consider the following di erential equation

dt
d¢= t+ _+ —
t _ 2
suchas ; 2;_2R4+, 2R,and > _. If thisdi erentiel equation converges as tliml = <
; v
+1, thus gt = 0. Let us start by noticing the following equalities:
?
0= d
dt
0= ¢+ _+
t —
0= 2 2.+ +_+ _
Therefore:
b 2_+ P— +4
B 2

Moreover, because o > _, the following inequalities must be respected:

P— P—
2 <2 _+ 244 < 244
Since ; 2 R4, therefore ( ) = +. It follows:
. 2_+ + P— +4
B 2
?
Moreover, rra is a continuous function positive on _ : ? and negative on 7 : +1 . Conse-
quently:
| 2+ + P 2+4
t!IT:L te 2 -t

It follows that if is 0, the EWMA HM degenrates into the following standard HM:

8
2B - e+ Praw,
t 1 p
Bdve == (9?2 Ve dt+ ? VidBy:
1
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Appendix 2.B The model calibration procedure

To obtain numerical results and enable comparison with empirical data, we need to t the model
from H, the daily empirical time-series of the S&P500 and its realized volatility from July 23, 2001,
to July 23 2021. This involves identifying the following parameters

c=(iinia 5 )

Due to the relative complexity of the model, obtaining these parameters using standard statistical
methods such as maximum likelihood estimation is tricky. For this reason, to calibrate the model
we use an ad-hoc procedure involving a neural network (NN), with NN denoted P. This NN, which
is used to provide an estimator of the vector of the parameters, takes as its input a vector encoding
the index path and its volatility. In other words, the market data matrix H passes through an
encoder denoted E which transforms it into an input vector E, and the elements of this vector then
constitute the input layer of P which passes through the network to provide an estimate of . In
summary:

P 'f_iEEQ? P =h

with p the parameters of P, and bG the estimator of ¢ . More speci cally, the encoder E extracts
from the time-series the following features:

1. The 4 rst moments of the log-returns for the following lags in trading days: 1, 5, 20, 60, 125,
250.

2. The 4 rst moments of the average volatility over the following time intervals in trading days:
1, 5, 20, 60, 125, 250.

3. The serial corellation for the following lags expressed in trading days: 1, 2, 3, 4, 5, 10, 20, 60,
125, 250.

Thus, the dimension of E is thus equal to 1  30. Obviously, the NN responsible for providing the
model parameters derived from the encoded market data requires to be calibrated from a learning
set. For this purpose, we randomly generated 20 000 parameter vectors such that each parameter
was obtained using a uniform distribution within the bounds de ned in table 2.6:

1 o 2 a
Lower bound | 0.2 | -1 | 0.0008 | 0:05 2 | 0.15 | 0.01 | 0.01 O:9ng
a 1
g— }
Upper bound | 0.5 | 0 2 2 1 |01 [015|1:1 2=

Table 2.6: The respective bounds of the uniform distributions used to generate the training set of
parameter vectors.
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With each of the 20 000 vectors of parameters obtained, we generate a sample path of the index and
its volatility from G. We thus pass through the encoder E each of the 20 000 synthetic time-series,

. . . @ . . .
Ir? order to ogtaln the following set E* . . ... This step provides we have our learning set

E®; O necessary to t P. The loss function used for this purpose is:
1 i 20000

M. — M bo
L O =w O O
2

where w is a weighting vectqy, such that the value of the kt™ coordinate is equal to the inverse

of the standard deviation of g) . . Given that, P is tted by solving the following
1 i 20000
optimization problem:
ZWO 2
? — i () .
p = argmin w S P Ei; p
P2 P i=1 2

The NN being tted, we calibrate nally ¢ from market data:
PEH: 7 =8

We obtain the following parameters:

1 2 —
0.5575 -0.465 0.0013 42.95 0.276 0.0595 0.1033 0:419

Table 2.7: The parameters obtained from the calibration procedure.

Appendix 2.C Standard deviation of an EWMA of a Brownian
motion

The asymptotic variance of the EWMA of a Brownian motion is given by the following equalities:

Z t Z t t
Var * et g, =L g2 gy =1 2w 1
u 2 2 9 2
1 1 1

&@Iows that the asymptotic standard deviation of the EWMA of a Brownian motion is equal to
1

7 -
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Appendix 2.0 Complementary results

The type of relationship between the EWMA of past returns and the volatility described by the
EWMA HM is not unique to the S&P500 and can aQEIILaIso to Nasdad and EuroStoxx50 data.
Also, the optimal slope coe cient is very close to  2- as in the S&P500. The presence of this
speci ¢ value coe cient in di erent market data sets would seem to suggest a fundamental reason
underlying this statistical regularity.
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Figure 2.13: The empirical relationship between the realized volatility of the Nasdag and the
EWMA:s of its past returns for di erent values of expressed in years. a@red lines are regressions

of the form th = _ +( m¢)+ with a slope coe cient equal to  2-. These regressions are

respectively associated with the following R-squared: 0.476, 0.434, 0.405, 0.384.

10As in the S&P500 example, the data sets cover the period July 23 2001 to July 23 2021, and as an estimator we
use volatility, and the square root of the realized variance computed from 5-min samples provided by the Oxford-Man
Institute of Quantitative Finance.
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Figure 2.14: The empirical relationship between the realized volatility of the EuroStoxx50 and the
EWMA:s of its past returns for di erent values of expressed in years. a@red lines are regressions

of the form th = _ +( m¢)+ with a slope coe cient equal to  2-. These regressions are

respectively associated with the following R-squared: 0.476, 0.466, 0.445, 0.427.
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CHAPTER 3

Rough Path-Dependent Volatility Models

Abstract

This chapter introduces a family of volatility models, referred to as rough path-dependent volatil-
ity (RPDV) models, which capture two key empirical features of volatility: its rough behavior
and its path dependence. After presenting its form and connections to existing models in the
literature, we provide a Markovian multi-factor approximation for this family, building on the
work of Abi Jaber ([1], [2]). A comparative study of various RPDV model speci cations is
then conducted using realized volatility data from ve stock indices, in order to provide insights
into the question: what are the most e ective ways to model rough path-dependent volatility
within the proposed framework? We then discuss the implications of the obtained results in
terms of modeling choices, particularly regarding the necessity of incorporating an exogenous
source of randomness and how to account for it within the chosen framework. Additionally, the
systematic outperformance of models incorporating a historical volatility factor observed in this
study raises the question of whether this result indicates the need to include such a factor due to
structural positive volatility feedback, or if it could be attributed to the exogenous component
of volatility. This question is investigated through numerical experiments based on a RPDV
model that does not incorporate a historical volatility factor but includes an exogenous source
of randomness. Through these experiments, we demonstrate that, on the one hand, this type of
modeling can replicate most of the properties that characterize empirical volatility dynamics.
On the other hand, we show that the apparent positive volatility feedback observed in market
data can be explained, at least partially, by the e ect of the exogenous component of volatility.

3.1 Introduction

Continuous-time volatility modeling is a central issue in quantitative nance that has given rise
to proli ¢ academic literature in recent years. Among these new approaches, two particularly
important classes of models emerged: the rough volatility (RV) and the path-dependent volatility
(PDV) models.

While not strictly a rough volatility model, the Multifractal Random Walk (MRW), introduced by
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Bacry et al. ([14], [162]), can be seen as a precursor to this literature due to its contributions and
the connections it shares with the rough volatility approach ([198]). However, it was only several
years later that the seminal article Volatility is Rough ([104]) was published, presenting empirical
evidence of volatility roughness across a wide range of nancial markets. From this point onward,
various rough volatility models have emerged, including the rough Bergomi (RB) model ([23]),
the rough-Heston (RH) model ([89], [90]), the super-Heston rough (SHR) model ([80]), and the
guadratic rough Heston (QRH) model ([105]). These have shown strong practical interest to deal
with pricing and hedging issues, but also for volatility forecasting ([104], [89], [90], [181], [182]).

In parallel, in recent years, there has been a resurgence of interest in PDV models ([116], [39],
[106]) motivated by the fact that empirical volatility clearly "depends on the path followed by the
asset price in the recent past" ([116], p.1). This fact already shown by Zumbach works ([203], [204],
[205]) has been strongly rea rmed by the recent article by Guyon and Lekeufack ([117]).

Given the signi cance of these two approaches, the primary objective of this chapter is to introduce a
general class of volatility models that reconciles their respective advantages, drawing upon existing
models in the literature. For simplicity, models in this class will be referred to as rough path-
dependent volatility (RPDV) modelst. The variety of these models, and consequently the di erent
approaches to capturing both the rough behavior and path-dependence of volatility, is vast and
diverse. Therefore, the second objective of this chapter is to provide insights into the question:
what are the most e ective ways to model rough path-dependent volatility within the proposed
framework?

In line with these two objectives, the chapter is organized as follows. In section 3.2, we introduce
a general form of PDV model that includes several volatility models popular in the academic
literature. On that basis, we de ne the family of RPDV models. Then, using the results of
Abi Jaber ([1],[2]), we expose a Markovian multi-factor approximation of these models. Section
3.3 involves a comparative study of various RPDV model speci cations based on the historical
volatility of 5 stock indices. In this section, we analyze the respective performance of these di erent
speci cations in explaining realized volatility and discuss the implications of these results in terms of
modeling choices. Two key points are discussed in particular. First, the necessity of incorporating an
exogenous source of randomness and how to account for it within the chosen framework. Second, the
necessity (or not) of including a historical volatility factor to explicitly account for positive volatility
feedback. This second point is further examined in section 3.4 through numerical experiments based
on an RPDV model that excludes a historical volatility factor but includes an exogenous source
of randomness. These experiments demonstrate that, on the one hand, this type of modeling can
replicate most of the properties that characterize empirical volatility dynamics. On the other hand,
they show that the apparent positive volatility feedback observed in market data can be explained,
at least partially, by the e ect of an exogenous volatility component.

1This nomenclature does not imply that the family of models introduced here exhaustively encompasses all path-
dependent rough volatility models.
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3.2 Rough path-dependent volatility models

3.2.1 A general form of path-dependent volatility model

Let us introduce a general form of path-dependent volatility model de ned by the following equation
system:

8
dP
%Pt tdt+ tdBt
t
(P = o+ {7 mye mo T+ {0 me mye T o(my)ee

Z dp Z (3.1)
M1t = Kl(t U) P Y4 1 Kl(t U) 1:u M.y dU;

th u Ie .
Myt = | Kot u)( W)%2du+ , | Ko(t u) 24 myy du

with B a Brownian motion, I the time interval of integration with an upper bound less than or
equal to t, where p;a;; a, 2 f1;2g, and such as ; are F¢-measurable processes, and K; are kernel
functions continuous decreasing on R..

In this model, the path dependency of price dynamics is captured through processes m; and m;.
The process m; corresponds to a past price trend variable and can be understood as a sort of
weighted moving average of past returns. It allows to capture the dependence of the volatility
process to the historical price path. The variable m, is a historical volatility factor that capture
the asset price activity regardless of its trend. It can be viewed as a moving average of the volatility
process either p = 1, or of the variance process 2 if p = 2. The impact of these variables on the
volatility process depends on the speci cation of the second equation of 4.1. In this, the value
of the parameter p plays a central role. In case p = 1, the multilinear function expressed by the
right-hand term of the second equation of 4.1 de nes the volatility, while if p = 2 this function
de nes the variance process.

Furthermore, if ; and , are deterministic functions, the volatility process is a function of a single
source of randomness B: the Brownian motion driving the asset price. The model is then purely
path-dependent. Conversely, the functions ; can also include an exogenous source of randomness
by taking, for example, the following form:

j;tdt: j;tdt+ tth; (32)

where j is a deterministic process and W is a Brownian motion independent of B. In this case,
the model is partially path-dependent and corresponds to a stochastic volatility (SV) model in the
terminology of Guyon and Lekeufack ([117]).
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Thanks to its highly exible form, the model includes a certain number of existing volatility models.
Table 3.1 reports some of them and their respective speci cations.

Model 1 Model 2 Model 3 Model 4 Model 5
P 2 2 2 1 1
ai 1 2 2 1 1
ar 2 2
1 1
Ki() ® e ! ® e (2+ ) ¢
1(u) M1y M1y
£+) 1 1 1 0 1
§_ ) 1 1 1 1 1
m; 0 0 m; 0 0
Ka() 2@ 2 (2+ ) 2
2(u) Mz;u Mz;u
2 2

Table 3.1: Some model speci cations that correspond to existing models in SV literature.

Model 1 relates to the rough Heston model ([89], [90]), in which the variance process is given by:

(2= o+ 1My

Zt(t U) ldﬂ_'_Zt(t U) 1
0 () Pu o )

Myt = 1 1L,u Miu du;
with 2 [0:5;1] and
pdt=(¢ o)dt+ ¢ dWy;

where W is an independent Brownian motion from B, and is an explicit Fo-measurable process
([89]). Here thus, when = 0, the variance process is linearly dependent on a moving average of
past returns with power law weighting.
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Model 2 proposed by Blanc et al. ([39]) corresponds to a limiting model with a microstructural
foundation that uses quadratic Hawkes processes. The variance is given by:

(2= o+ (M) + oMo

‘ ‘o 1w pPu.
0 PU ,
z t
mae= o €2 9 )2du
0

Myt = 1

Here, m; and m, are respectively an exponentially weighted moving average (EWMA) of past re-
turns and an EWMA of past variance. Note that other similar models based on quadratic Hawkes
processes with other kernel type has also been studied in [80].

Model 3 corresponds to a quadratic rough Heston model (QRHM) introduced by Gatheral et
al. ([105]) de ned as

(%= o+ 1(mi my?

Zt(t u) ldPu+Zt(t u) !

0 () Pu o )
with m; > 0. On the contrary to model 1 and 2, it encodes an asymmetry of the feedback e ect

of the price trend on the volatility. Indeed, for the same absolute value of my, volatility is higher
when my; is negative than when it is positive.

My = 1(U)  mg du;

Model 4 is a speci c case of the EWMA HM introducted in chapter 2, in which

t= o+ 1My My)+;

z
te(u ) 1dpu;

Myt = 1
0 Pu

with my > 0. Like the QRHM, this model encodes an asymmetry of the feedback e ect of the price
trend on the volatility but not in exactly the same way. Indeed, in this model, when m; falls below
m,, the feedback e ect disappears. Another di erence with models 1,2 and 3, is that p = 1 which
means that the volatility process is linearly sensitive to the asset trend process m; when my.¢ < mj.
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Model 5 is the PDV model introduced by Guyon and Lekeufack ([117]), de ned by

_ P——.
t= ot 1M+ 20 May;

Z
t dP,
Mgy = (12+t u) * ;
1 Pu
Z
Moy = (2+t u) 2( y)%du
1

As in model 2, the volatility dynamics is not only driven by the past price dynamics but also by the
variance price path through m,. However, contrary to model 4, the volatility is linearly sensitive
to my. In addition, it is worth to note that in the case ; = , =0, the model is rough.

These di erent examples show thus the diversity of approaches to model the path-dependence of
volatility which is included in the PDV model (4.1). Moreover, it is on this basis that the RPDV
model family will be de ned in the following section.

3.2.2 Rough path-dependent volatility models

We now de ne a rough path-dependent volatility as a speci citation of 4.1 for which K; and K, are
power law kernels of the form

Ki()= ¢ (3.3)
where j is a strictly positive constant.

It may be noted that given this de nition, models 1 and 3, and model 5 in thecase ; = , =0
(see table 3.1) belong to the family of the RPDV models. These particular cases share with other
RPDV models to be structurally adapted to capture two main features of empirical volatility: its
rough behavior and its path dependency.

First, the ability of the model to capture the roughness of volatility is made possible by the power

law kernels associated with processes m; and m,. This characteristic is important to the extent

that empirical data tends to show that the rough behavior of volatility is veri ed for all classes of
nancial assets, at least at the daily scale ([104]).

Second, the path-dependency of the RPDV models is clear given that dynamics of the volatility
process are driven (either fully or partially) by past price dynamics through the processes mj.¢
and my.¢. This path-dependence allows capturing important empirical phenomena occurring in the

nancial market like the Zumbach e ect ([105]), but more generally, the fact that the volatility
dynamics are mostly explainable by the past price path ([117]).
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In addition to their interest considered separately, the relevance of combining these two notions in
a parametric model is also justi ed by the results in [182], showing that machine learning methods
for volatility forecasting tend to con rm that volatility is both rough and path-dependent.

Besides these properties, the model allows the decoupling short- and long-term behavior of volatility,
a property whose importance was emphasized notably in [29]. For instance, ; could take a low
value and , a high one. In this example, the long-term behavior of the volatility would be driven
by a medium/long-term past price trend while its short-term behavior would be dominated by
recent price activity regardless of its trend.

At a more technical level, it should be noted that the existence and uniqueness of the solution to the
equation de ning the volatility process are not guaranteed for all possible speci cations. However,
these conditions have been demonstrated for a certain number of cases, among which, for example,
the modeling of volatility by a Rough Volterra square-root process ([3]). For other speci cations
of 4.1, these existence and uniqueness conditions have been demonstrated in the context where K;
are smooth kernels, but remain an open question for the case where these kernels take the form 3.3.
This is the case, for instance, for a wide range of Volterra processes. For these types of speci cations,
the lack of an existence and uniqueness proof is not necessarily a problem, particularly if we limit
its use as a simulation tool, since power law kernels can be approximated by smooth kernels ([1],
[2], [3]) as we will see in more detail in the following section (section 3.2.3). In this context, the
theoretical inversion, which involves considering the power-law kernel as an approximation of the
actual smooth kernel, can be performed. The rough model then becomes only an ideal-type and a
way for parsimoniously approximating the actual model using a kernel with only one parameter

3.2.3 Markovian multi-factor approximation of the RPDV model

The RPDV models are non-Markovian and non-semimartingale, which makes e cient simulation
challenging. Accordingly, the purpose of this section is to propose a Markovian multi-factor ap-
proximation of RPDV models to address this issue.

3.2.3.1 Rough kernel approximation

The key idea is to approximate the kernel K( ) = by a sum of n exponential kernels de ned
by

X
R()= we *; (3.4)
i=1

where wj; § >08i 2 fl;:::;ng, in order to approximate variables m; and m, as sums of solutions
of stochastic di erential equations.

Di erent methods exist for determining the parameters (wi; i)1 i n in the academic literature
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([40], [1], [2]). Here we adopt the approach proposed by Abi Jaber ([1], [2]). This takes as its
starting point that the fractional kernel K( ) may be write as the Laplace transform of a positive
measure 2

Zl 1

= d); d)=——:
K()OE()()()

P
By approximating by a nite sum of Dirac measures ?:1 w; ,, we obtain a kernel Kg of the
form 3.4. Then, using a geometric partition of (wi; i)1 i n,

Z i 1Z i
wi = dx); i=— X (dx);
=@ = x (@
x 1 i n
with (dx) = ()dxand i =x' 2 we obtain:
1 x x@32 o Xt E
WETTTO T Trav e n 39

with x > 1 whose value can be determined by solving

x? =argmin K K

BT
) L2(t ;ty)

With this speci cation method of (Wi; i)1 i n, R converges toward K in the L? sense whenn ¥ 1
(see proof in [2]).

Note that in [1] or [181] t is zero. However, it may be consistent to choose a strictly positive value
for this parameter, particularly when n is little. Indeed, because of the characteristic of rough type
kernel, the very recent past (t close to zero) may represent a too high share of R K L2(0:ts) in
comparison of its practical importance. For instance, in a context of medium-long term volatility
simulation, the divergence between K( ) and R( ) for a very small value of (ex.. is equal to
one second) does not matter much, particularly if the discretization timestep is proportionally large
(of the order of an hour or more). In such a case, it is coherent to set t > 0, because it allows
choosing a value of x which minimizes the di erence between K( ) and K( ) for the range of values
of which really impacts the quality of the estimation in the context considered.

1

)

2The considered kernel being K( ) =
speci city.

in the original article, the measure di ers according to the kernel
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3.2.3.2 Markovian approximation of the RPDV models

Using results exposed in section 3.2.3.1, the RPDV models may be approximated through the
following multi-factor model Markovian in variables:

8
dP
=t = tdt+ tdBt;
Pt
_ +) a, () a pmaz .
t = o+ 1 My My o+ ;7 mp My o+ 2(My) ;
dP.
dMye =1n Pft"' 1(2(t)  my)dt 1 Mydt;
t

dM2e =1n (0% + 2(2(t) myp) dt > Mydt;
My = hWq; My
Mo = hWa; Maoud;

where 1, is a n 1 vector of ones, W; the vector of weights (wj:i)1 i n and j the vector of
discount coe cients ( j:i)1 i n, With (Wj:i; j:i)1 i n given by equations 3.5, such as

2 3 2 3
Wj;1 i1
szg:::é; j=§:::é:
Wijin in

As shown in appendix 3.A, we have

¢ tX it u) dPy .
My = Wi;j€ ! Pi 1 1;,u Miy du ;
0 u
N A
Ri(t u)
and
Z ¢
Mot = Wo.j€ 2i(t W) (t)a2+ 2 2;u Moy du:
0 g
| z }
Ra(t u)

This results in a Markovian model in variables that approximates the RPDV models through smooth
kernels.
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3.3 Comparison of model speci cations

The objective of this section is to evaluate the explanatory power of various fully path-dependent
RPDV models regarding historical volatility and to derive insights on a consistent approach to
jointly modeling the rough behavior and path dependence of volatility. To achieve this, we adopt
a comparative approach inspired by Guyon and Lekeufack ([117]), in which we evaluate the perfor-
mance of discrete-time versions of RPDV models used as regression models to explain spot realized
volatility. The dataset used in this study consists of historical data from ve stock market indices:
the S&P500, Nasdaqg, FTSE, DAX, and Euro Stoxx 50, covering the period from January 2000 to
June 2021.

3.3.1 The tested RPDV models

3.3.1.1 The building blocks of models

In order to enhance the clarity of understanding of the di erent tested RPDV model speci cations,
we begin by breaking down their components into variables that serve as the elementary building
blocks of the tested models. Additionally, we provide a discrete approximation of these variables,
enabling their computation from empirical time series. These elements are reported in table 3.2.

Expression Approximated expression
Z5 %
dpP Py, Py
Ryt (t u) 1Y t 05+t 1) Gt
1 Py i=1 P 4
5 =
-t
1t (t u) *ydu t 05(t 1+t) g (L tioa)
b 4 1 i=1
~t
Si;t (t u) * ,du t 05(t 1+t) 4.t ti1)

=
ﬁ
iy

N
-+

So-t (t u 2 ,ydu t 0:5(t 1+t) 2 6 & tio1)
Z5 >
V2ot (t u) 2( y)3du t 05(t 1+t) (g )t 1)
1 i=1

Table 3.2: The building blocks of models and their numeral quadratures.

Several important remarks should be made here. First, the elementary building blocks de ned in
table 3.2 areiintegralsover] 1 :t ]. Here, isasmall positive constant close to zero, representing
a latency in the transmission of the dynamics of the explanatory variables to the volatility level.
However, the reason for choosing an upper bound of t instead of t is primarily technical. In the
case where =0, the values of are constrained to be less than 0.5 to avoid inducing divergence
in the volatility process. By choosing a strictly positive value for , this constraint can be relaxed.
In this regard, it can be seen as an alternative to the shifted power-law.
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Another important point to explain concerns the choice of approximating the integrals that consti-
tute the elementary building blocks of the tested models. In practice, these integrals are truncated
to a length of 1260 trading days (5 years) and then estimated using a Riemann method. This type
of approximation is employed, for instance, by Gatheral to approximate the integral de ning the
RFSV model®. If all the di erent building blocks of the models are approximated using Riemann
sums, the quadrature method used to approximate Ry.¢ di ers from the method used for the other
variables. Speci cally, the midpoint method is employed for Rj.¢, while the left rectangle method
is used for the remaining variables. If the choice of the left rectangle method for approximating

t, Ri:t, S1:t, S2:¢, and Va.x may seem peculiar at rst glance, it is, in fact, driven by the objective
of avoiding any tautological or quasi-tautological formulations. Thus, contrary to the midpoint
method, the chosen numeral quadrature ensures that the estimation of  does not depend on itself
or a proxy of itself. This di erence in the approximation method also implies that only the building
block Ri.t, requires information known after t 1: the price at time t, Pt. On the other hand, all
other discretized variables depend solely on elements known at timet 1.

3.3.1.2 The tested models

Given the previously mentioned exibility of the RPDV model, conducting a comprehensive study of
all possible speci cations is impractical. Instead, our focus lies in examining the main RPDV models
discussed in academic literature, along with some other speci cations. Therefore, we consider the
model speci cations reported in table 3.3.

Model Free paramaters
P—
M.1 bo+b1R1;t bo; 12Ry; b1 2R
M.2 bo + blRl;t bo; 12R+; b1 2R
H 2
M.3 bo + by Rl;t R1 bo; 12R+; bi;R1 2R
M.4 bo + by Rl;t R4 bo; 12R+; bi;R1 2R
Po— - Ch

M.5 bo+b1R1;t+b2 V2;t bo; 1, 22R+; by;bp 2R
M.6 bo + b1Ry;¢ + b2So;¢ bo; 1; 22R+; by;bp 2R
M.7 bo +b1R1;t +b1S1;e + b3 13t bo; 12R+; bi;by;b3 2R

Table 3.3: The RPDV models tested.

3For more details, refer to the section "Implement variance forecast in Python" of the article Rough Volatility
with Python, accessible at https://tpq.io/p/rough_volatility with_python_html.
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M.1, M.3, and M.5 are existing models in the volatility literature. M.1 can be viewed as a version
of the RH model ([89], [90]) in which the asset and the variance process share the same Brownian
motion. M.3 corresponds to the QRH model ([106]), and M.5 to a version of the PDV model
proposed by Guyon and Lekeufack. Models M.2 and M.4 can be viewed as the counterparts of M.1
and M.3, respectively, for p = 1. Similarly, M.6 is the counterpart of M.5 for a, = 1. This allows for
a comparison of two di erent approaches to capturing the autoregressivity of the volatility process.
Regarding model M.7, several variations will be tested based on the speci cation of . The rst
version considered, denoted as M.7.1, corresponds to the case where = 0 (or, equivalently, b3 = 0).
This rst version of M.7 is equivalent to model M.6 under the constraint ; = 5, thus enabling
us to assess the impact of this constraint on the model’s explanatory power. We also consider
two other speci cations of M.7, for which is a path-dependent process. The idea is to evaluate
whether the addition of a second layer of path-dependence enhances the explanatory power of M:7.
More precisely, for M.7.2, we consider:

S> X
= e (WO )2du:
1
In this case, the term 1 represents, similar to the term S; but with a di erent strucutre, a historical
volatility factor. For M.7.3, we consider:
z t
e (u ndPu .
t— —_ .
1 Pu
In this speci cation, 1 is a power-law average of the absolute value of an exponentially weighted
moving average of returns. This term thus allows for capturing a potential impact of past price

trends on volatility, regardless of the trend’s direction.

Model are trained using data from 2000 to the end of 2014, minimizing the mean squared error.
The test set, on the other hand, covers the period from 2015 to 2021. This data segmentation
allows for evaluating the generalization capability of the di erent speci cations by assessing their
performance not only on the training data (in-sample) but also on the out-of-sample data from the
test set.

3.3.2 Comparative regression results

3.3.2.1 Model performance evaluation

The results of the regressions obtained for the models de ned in section 3.3.1.2 are presented in
table 3.4. A rst general observation is that models incorporating a historical volatility process
(represented by the building blocks S; and V) outperform signi cantly the models solely based
on the price trend process R;. This nding, which had already been highlighted by Guyon and
Lekeufack, is re ected in the much better performance of models M.5, M.6, and M.7 compared to
models M.1, M.2, M.3, and M.4, both in-sample and out-of-sample.
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S&P500 Nasdaq FTSE DAX Stoxx 50

Train | Test || Train| Test || Train| Test || Train| Test || Train| Test

M1 r2 0.379 | 0.136 || 0.439 | 0.053 || 0.346 | -0.15 || 0.406 | -0.47 || 0.348 | 0.145
' RMSE | 0.092 | 0.08 || 0.068 | 0.08 || 0.087 | 0.094 || 0.082 | 0.088 || 0.09 | 0.083
M.2 r2 0.596 | 0.442 || 0.613 | 0.141 || 0.467 | 0.105 || 0.547 | 0.009 || 0.494 | 0.365
' RMSE | 0.074 | 0.065 || 0.057 | 0.076 || 0.078 | 0.083 || 0.071 | 0.073 || 0.079 | 0.072
M.3 r2 0.6 | 0.543 || 0.638 | 0.377 0.5 0.22 0.56 | 0.122 || 0.484 | 0.417
' RMSE | 0.074 | 0.058 || 0.055 | 0.065 || 0.076 | 0.077 || 0.07 | 0.068 || 0.08 | 0.069
M.4 r2 0.605 | 0.517 || 0.617 | 0.245 || 0.483 | 0.181 || 0.555 | 0.088 || 0.494 | 0.369
' RMSE | 0.073 | 0.06 || 0.057 | 0.071 || 0.077 | 0.079 || 0.071 | 0.07 || 0.079 | 0.071
M5 r2 0.765 | 0.736 || 0.789 | 0.731 || 0.69 | 0.545 || 0.777 | 0.67 0.7 | 0.614
' RMSE | 0.056 | 0.044 || 0.042 | 0.042 || 0.06 | 0.059 || 0.05 | 0.042 || 0.061 | 0.056
M.6 r2 0.766 | 0.733 || 0.791 | 0.724 || 0.691 | 0.56 || 0.775 | 0.669 0.7 | 0.621
' RMSE | 0.056 | 0.045 || 0.042 | 0.043 || 0.06 | 0.058 || 0.05 | 0.042 || 0.061 | 0.055
M.7 1 r2 0.757 | 0.728 || 0.786 | 0.729 || 0.681 | 0.541 || 0.77 | 0.663 || 0.692 | 0.608
o RMSE | 0.057 | 0.045 || 0.042 | 0.043 || 0.061 | 0.059 || 0.051 | 0.042 || 0.062 | 0.056
M.7 2 r2 0.767 | 0.739 || 0.79 | 0.734 || 0.696 | 0.556 || 0.774 | 0.675 || 0.704 | 0.62
o RMSE | 0.056 | 0.044 || 0.042 | 0.042 || 0.059 | 0.058 || 0.05 | 0.042 || 0.061 | 0.055
M.73 r2 0.765 | 0.737 || 0.79 | 0.736 || 0.689 | 0.552 || 0.776 | 0.671 || 0.697 | 0.623
o RMSE | 0.057 | 0.044 || 0.042 | 0.042 || 0.06 | 0.058 || 0.05 | 0.042 || 0.061 | 0.055

Table 3.4: r? and RMSE associated with various RPDV regression models for di erent stock indices.

If we delve deeper into the results, the performance of models M.1, M.2, M.3, and M.4 itself varies
signi cantly. It is clear that the explanatory power of M.1, especially out-sample, is extremely
weak and inferior to M.2, M.3, and M.4. The comparison is particularly interesting with M.2,
as it corresponds to the counterpart of M.1 with p = 1 (p = 2 for M.1). Hence, the respective
results obtained by these two models suggests that a modeling approach where the instantaneous
volatility is linearly sensitive to a price trend process (here R1) is more preferable than a modeling
approach where the instantaneous variance is linearly sensitive to such a process. About the relative
underperformance of M.2 out-of-sample compared to M.3 and M.4, this one can be explained by
the speci city of the test period considered. Indeed, this period includes the Covid-19 crisis of
March 2020, which led to a signi cant drop in stock indices followed by a strong rebound. While
this rebound resulted in a sharp increase in the variable R; and thus a decrease in the volatility
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estimated by the model (due to b; < 0), the realized volatilities remained higher than their median
level. Besides these results, it is worth to note that for these 4 models (M.1-M.4) and all indices,
the optimal value of ; obtained from the regression falls within the range of 0.4 to 0.5, aligning
with the standard assumption in rough volatility literature where 1 2 [0;0:5[ and =0.

On the contrary, for models incorporating a historical volatility factor (M.5-M.7) , the selected
value of the exponent  is greater than 0.5: between 0.65 and 0.8 for models M.5 and M.6, and in
the vicinity of 1.3 for models M.7. This higher value of ; results in a more signi cant weighting
of the recent past in the trend process Ry in practice. As for the exponent that determines
the kernel of the historical volatility factor for models M5-M.7 ( , in the case of M5 and M.6,
and ; for model M.7), the selected value is between 1.25 and 1.35. In the median case = 1:3,
this implies that the periodst 1,t 2,andt 3 contribute approximately 46%, 11%, and 6%
of the total weighting, respectively, considering a period of 2520 trading days. Furthermore, the
cumulative contribution of the last 20 days amounts to 82% of the total weighting. Furthermore,
for all these models (M.5-M.7), volatility is primarily explained by historical volatility factors, and
the contribution of the Ry factor in the explained volatility is relatively minor. Consequently, spot
volatility becomes predominantly explained by an autoregressive relationship that heavily weights
the recent past.

It is also interesting to note that the performances of models M.5-M.7 are fairly homogeneous.
Thus, the similar performances of models M.5 and M.6 suggest that the de nition of the historical
volatility factor either as a moving average of past volatility (p = 1) or as the square root of a
moving average of past variance (p = 2) has little impact on the explanatory power of the model.
Similarly, M.7.1 only slightly underperforms M.5 and M.6, which suggests that di erentiating the
exponent  for the historical volatility factor and the price trend factor is relatively marginal, at
least within this static regression framework. In a similar manner, the addition of a factor (models
M.7.2 and M.7.3) provides a non-zero but small improvement in performance.

3.3.2.2 Residuals and the missing randomness question

To delve deeper into the analysis of the regression results reported in section 3.3.2.1, it is interesting
to examine the residuals of these regressions. Firstly, it should be noted that the residuals of the
regressions exhibit signi cant disparities in structure depending on the model under consideration.
A notable manifestation of these disparities concerns the autocorrelation function of these residuals.
Here again, a clear separation appears between the models incorporating a historical volatility factor
and the other models. For the former, the autocorrelation is weak, and the Durbin-Watson statistic
is very close to 2, indicating insigni cant autocorrelation. On the contrary, the residuals of the
models not incorporating a historical volatility factor exhibit long and signi cant autocorrelation,
which can explain the relatively poor out-of-sample performance of these models ([111]). The gure
3.1 illustrating the respective autocorrelation function (ACF) of the residuals for models M.2 and
M.7.1 on the training data of the S&P500 provides an illustration of this disparity.
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Figure 3.1: Comparison of residuals from models M.2 and M.7.1 in-the-sample. The ACF graphs
show that the autocorrelation of M.2 model residuals is strong and persistent, while that of the
M.7.1 model is lowly signi cant at all lags. This di erence is clearly noticeable in the graphs
displaying the residual ratio of realized volatility on predicted volatility for these two models.

In addition to its usefulness in explaining the performance of di erent models, this distinction
between models M.1-M.4 and M.5-M.7 seems to be tailored to di erent assumptions regarding the
integration of exogenous sources of randomness. Firstly, it is worth noting that the incorporation
of such an exogenous randomness component appears necessary for all the considered models. In
other words, volatility appears to be only partially path-dependent as long as we assume that the
price follows a purely di usive process with a single stochastic term dB*. Indeed, standard
deviations of log-returns of realized volatilities are signi cantly higher than the standard deviations
of log-returns of volatilities simulated from discrete models using the parameters obtained through
regressions. As an example, for the case of the S&P500, the empirical standard deviation of
daily log-returns of volatility is 0.347. However, this standard deviation is approximately 0.2 and

40utside of this framework, assuming, for instance, that the price process includes a jump component, the
conclusion is less straightforward, as volatility-adjusted returns (or log-returns) can signi cantly deviate from a
normal distribution ([155]).
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0.11 for the simulations carried out using models M.2 and M.7.1, respectively (see gure 3.2a)°.
One hypothesis could be that this di erential stems from the variance of the noise in the realized
volatility estimator. However, the results presented in Appendix 3.D indicate that the magnitude
of this di erential is too signi cant to be attributed solely to the estimator’s error, particularly in
models that incorporate a historical volatility factor.
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Figure 3.2: Comparison of simulated data from model M.7.1 calibrated on historical data (S&P500),
without incorporating an exogenous source of randomness ( gure 3.2a), and with the incorporation
of an exogenous source of randomness ( gure 3.2b). In the rst case, the model produces volatility
trajectories with characteristics that are very di erent from those of the historical volatility. In the
second case, the model generates realistic volatility trajectories that capture most of the features
characterizing historical volatility dynamics.

For these latter ones (M.5-M.7), a modeling approach like the one proposed by Guyon and Lekeufack
([117]) seems particularly coherent. This involves de ning the volatility expression as the product
(in the sense of multiplication) of a purely path-dependent model with a stochastic process, where
the random component is independent of the asset’s price Brownian motion. The volatility then
takes the form:

t= (Ryt;)Yy (3.6)

where (%) is the purely-path dependent model and Y is a stochastic process responsible for captur-
ing the exogenous component of volatility. Guyon and Lekeufack suggest modeling Y using either an
OU process or an exponential-OU process. This second option appears particularly suitable when

5The simulations are performed using the ARPDV model introduced in the appendix 3.C.
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considering the properties of the empirical ratios of realized volatility to predicted volatility for mod-
els M.5-M.7. Indeed, these ratios approximately follow a log-normal distribution LN ( 0:5s2;s?),
where s corresponds to the daily standard deviation of the logarithm of this quantity. Moreover, the
asymptotic distribution of an exponential-OU process is a log-normal distribution. These factors,
combined with the fact that the autocorrelation of the residuals in models M.5-M.7 is very low,
even at a horizon of 1 day, suggest an average duration of the deviation of the process Y¢ from 1 of
less than 1 trading day. Consequently, the mean reversion parameter must be extremely high, im-
plying that exogenous random frictions constitute an intraday phenomenon. In the case of discrete
modeling with a time step equal to or greater than 1 trading day, one can directly use a log-normal
distribution LN ( 0:5s2;s?), where the realizations are independent from one trading day to the
next. Figure 3.2b illustrates the impact of integrating an exogenous randomness component into
the M.7.1 model, employed as a simulation device. While the purely path-dependent version of
the model generated volatility dynamics considerably divergent from their empirical counterparts,
this modi ed version, wherein Y, = 1 8 t is replaced with Yy LN ( 0:5s?;s?), produces much
more realistic trajectories. Speci cally, the standard deviation of daily log-returns of both historical
and simulated volatility trajectories becomes approximately equal. More generally, this modi ca-
tion enables the model M.7.1 to accurately replicate the main characteristics of empirical volatility
behavior.

If we now turn our attention to models M.1-M.4, a question must be posed right away: given
the poor performance of these models in explaining spot volatility compared to models M.5-M.7,
are they truly relevant for modeling volatility, even when incorporating an exogenous source of
randomness? For their part, Guyon and Lekeufack interpret these results as evidence "of the
importance of including (an) historical volatility factor". While this observation is coherent, it is,
however, not the only possible rational explanation. Indeed, the poor performance of models M.1-
M.4 could be attributed, at least partially, to the neglect of exogenous random frictions. However,
it does not seem coherent to integrate these in the same manner as for models M.5-M.7. Indeed,
for models M.1-M.4, the residuals of the regressions exhibit long memory, and the behavior of the
realized volatility to predicted volatility ratio is too erratic to be modeled by OU or exponential
OU processes (see gure 3.1). Therefore, for these models, it appears more coherent to incorporate
exogenous randomness through , using a modeling approach of the form 3.2. In other words, using
the terminology of Guyon and Lekeufack ([117]), it makes more sense to favor a "stochastic volatility"
type modeling. Under this approach, the volatility dynamics partly depend on a process that is
not observable from the asset price data. A phenomenon then may arise, that can be designated
as spurious volatility feedback, denoting an apparent structural dependence of volatility on its past
trajectory, generated by a temporal dependence of volatility on an unobserved third variable. In this
case, volatility is not inherently dependent on its past values; however, the fact that both current and
past volatilities depend on the same variable creates the illusion of intrinsic autoregressiveness. This
phenomenon could potentially explain the superior performance of models M.5-M.7, even though
volatility is not structurally dependent on a historical volatility factor. Section 3.4 illustrates this
through numerical experiments.
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3.4 Numerical experiments

In this section, we conduct numerical experiments to examine the behavior of the volatility process
generated by a simple RPDV model that excludes a historical volatility factor while incorporating
an exogenous source of randomness. The objective is to evaluate whether this type of modeling
can capture the principal empirical features of volatility dynamics while simultaneously displaying
apparent volatility feedback, thereby testing the plausibility of the spurious volatility feedback
hypothesis introduced in section 3.3.2.2.

3.4.1 Experimental setup

3.4.1.1 The model used

In this section, we consider the following simple RPDV model, from which we will conduct numerical
experiments:

8
2P (areay
E t . 3.7
Tt = (t u ( wdu+ dZ,
1
with hdB¢; dZ¢i = . This model does not include a historical volatility factor and is only a partially

path-dependent RPDV since 2 ( 1;1). Indeed, the parameters used for the simulations are as
follows:

(@]
P

0.425 055 04 015 0.35

Table 3.5: The parameters used for simulations.

A few remarks on these parameters and their implications are worth making. First, the value of

is set to the value of ; obtained in Section 3.3 for model M.2 calibrated on the S&P500 data
(rounded to the nearest 0.005). The value of the correlation coe cient = pﬁ is chosen such
that there is equal weighting between the Brownian motion B associated with the SDE of the price
and the Brownian motion Z modeling the exogenous random shocks that also drive the volatility®.
Regarding , this is set using the estimated value of b; for Model M.2 and the S&P500 index, such
that B, . The value of has been determined through trial and error so that the average
value of the volatility process is approximately equal to the average value of the realized volatility
of the S&P 500. Furthermore, the values taken by and imply that when volatility equals its
attraction value ( ¢ = ), the drift of the asset price is equal to 6% (0:15 0:4 = 0:06).

P A . ___ ___
ﬂndeed, dZy= dBt+ 1 2dW¢ where hdB¢; dW¢i = 0. Thus, since = p0:5, we have dWy = p0:5dBt+
0:5dW¢.
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3.4.1.2 Simulation methodology

The simulations are conducted using an Euler scheme for the Markovian approximation of model
3.7, a discretization method commonly employed in the literature ([181]). This scheme is presented
in the appendix 3.F. The chosen time step t is equal to 5=~ expressed in years. This choice is
motivated by the fact that our proxy for daily realized volatility corresponds to the square root of
the sum of squares of 78 5-minute returns. In order to obtain a similar proxy, the same methodology
for calculating daily volatility is used for synthetic data. As for the state variables of the model,
those are all initialized to Pﬂjﬁ and a 20-year di usion of the process is performed to minimize
this initialization bias. The state variables obtained after this phase are then extracted to carry
out the simulation of the volatility process (and the asset price process) that are considered. This
initialization phase is repeated for each simulation, constituting the synthetic dataset, ensuring
that the simulations begin with diverse state variables distributed in alignment with the model’s
structure. Following this procedure, 1000 time-series spanning 20 years each are generated. These
time series constitute the synthetic dataset analyzed in the following section.

3.4.2 Results of numerical experiments

3.4.2.1 Comparison with market data

The purpose of this section is to compare certain key properties of the simulated volatility trajec-
tories generated from model 3.7 (section 3.4.1.1) with the properties of actual realized volatility
data. Since the parameter choice is tailored to the S&P500 data, the comparison of synthetic data
is speci cally made here with the real data of this index.
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Figure 3.3: Example of joint dynamics between the S&P500 and its volatility generated by the
model 3.7.

If we begin by examining the unconditional distribution of volatility, the synthetic data are gener-

ally highly consistent with the empirical data. For instance, as shown in gure 3.4, the distribution
of daily volatility closely resembles the empirical daily volatility of the S&P500. In a more objective

71



assessment, table 3.6 demonstrates the consistency of the distributions of volatilities generated by
the model at various time scales with their empirical counterparts by comparing their respective mo-
ments. Thus, for all considered time horizons, the rst four moments of the empirical distributions
of the S&P500 are within the rst and the ninth decile of the model distributions.
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Figure 3.4: The left plot compares the distribution of daily volatility generated by the model 3.7
with the empirical distribution of daily volatility of the S&P500. The right plot compares their
respective autocorrelation functions.

Time horizon

1 5 21 63 126 252

Mean of market data 0.134 0.134 0.134 0.134 0.134 0.134
Avg. mean of sim. 0.135 0.135 0.135 0.135 0.135 0.135

15t decile of mean of sim. 0.105 0.105 0.105 0.105 0.105 0.105
9th decile of mean of sim. 0.168 0.168 0.168 0.168 0.168 0.168
Std. dev. of market data 0.098 0.088 0.081 0.071 0.064 0.056
Avg. std.deviation of sim. 0.097 0.088 0.078 0.068 0.06 0.051

15t decile of std. deviation of sim. 0.063 0.056 0.047 0.039 0.033 0.027
9th decile of std. deviation of sim. 0.137 0.128 0.114 0.099 0.092 0.081

Skewness of market data 3.357 3.05 2.756 2.268 1.935 1.414
Avg. skewness of sim. 2.982 2.663 2.224 1.781 1.458 1.115
15t decile of skewness of sim. 2.075 1.753 1.347 0.955 0.681 0.39
9th decile of skewness of sim. 4.299 3.876 3.291 2.787 2.381 1.988
Kurtosis of market data 19.598 14.881 11.437 7.573 5.249 2.35
Avg. kurtosis of sim. 17.594 13.184 8.383 4.817 2.886 1.343
15t decile of kurtosis of sim. 6.839 4.553 2.227 0.602 -0.154 -0.681
9th decile of kurtosis of sim. 34.748 26.037 16.32 10.713 6.845 4.134

Table 3.6: The rst four moments of the volatility distributions for di erent time horizons in trading
days: S&P500 data vs synthetic data generated from the model 3.7.
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In addition, for both the empirical data and the data generated by the model, the standard devi-
ation, skewness, and kurtosis of the volatility distribution follow a decreasing convex relationship
with the time horizon considered. Similarly, the autocorrelation of the volatility process gener-
ated by the model is fairly close to the empirical autocorrelation of S&P500 volatility (see gure
3.4). Hence, all empirical autocorrelations fall within the model’s estimated 90% con dence in-
tervals, and, the model e ectively reproduces the long memory of volatility observed in nancial
time series, characterized by a slower decay of autocorrelation compared to exponential decay.
More broadly, most of the phenomena characterizing the joint dynamics of price and volatility are
well reproduced by the model. As shown in gure 3.3, the combined phenomenon of volatility
spikes leading to sharp price drops akin to near-jumps is captured by the model, just as the p-
resence of relatively long periods of volatility coinciding with positive price trends. Furthermore,
certain phenomena that are unattainable from a purely path-dependent model without incorpo-
rating a historical volatility factor are replicated here. Among these, for instance, are the "rallies"
following a price drop that rapidly propels the asset price to a level signi cantly higher than
its previous value. This is illus-

trated in gure 3.5 . The phe-

e nomenon is as follows: the decrease

3660 in the Brownian motion B initially

leads to an increase in the volatil-
ity level and a decrease in the as-
set price. This dual movement is
even stronger if W also experiences
a signi cant increase. When the
dynamics of B becomes positive,
the asset price starts to increase a-
gain. The sensitivity of the price
dynamics to B is directly related
to volatility. As a result, there are
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Figure 3.5: Example of a rally phenomenon following an in-
crease in volatility, generated by the model 3.7. two polar cases. In the rst case,
W follows a downward trajectory:

the rise in W combined with the decrease in B leads to a rapid drop in volatility, resulting in low
exposure to the upward dynamics of B. Consequently, the rebound in the asset price is very mod-
erate. In the second case, which corresponds to the scenario illustrated in gure 3.5, W follows an
upward trajectory: the rise in B, which exerts downward pressure on the volatility level, is slowed
down by the opposing e ect of the increase in W. The volatility remains at a high level, allowing
the asset price to be highly exposed to the upward dynamics of B, leading to a very strong rebound
in the price.

This example illustrates another crucial point implied by this modeling framework: the rate of

volatility decrease following a spike is highly dependent on the dynamics of the exogenous volatil-
ity component. Thus, the phenomenon of slow volatility decay after such a spike is contingent
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within the considered modeling framework. However, empirical volatility data suggests that this
phenomenon is more systematic, making the time reversal asymmetry of volatility “clear to the
naked eye" ([117]). While many properties are well captured by the model 3.7, this last point seems
to advocate for a modeling approach that incorporates a historical volatility factor. This question
is further explored in the following section.

3.4.2.2 Regressions on synthetic data from di erent RPDV models

In this section, we perform the same regressions as in section 3.3, but this time using the entire
set of synthetic time series generated from the model 4.1. The aim is to determine whether the
properties of the synthetic data produce regression results similar to those obtained from market
data, and thus to assess the plausibility of the spurious volatility feedback’ hypothesis set out in
the section.

First and formemost, the results presented in table 3.7 exhibit a consistent pattern with the out-
comes derived from market data outlined in table 3.4. Thus, on one hand, the performance ranking
of the models remains preserved, and on the other hand, the magnitude of the metrics for these
models aligns with the results obtained from empirical data. Another noteworthy element, which
might seem surprising, the average performance gap between models M.1-M.4 and models M.5-M.7
is slightly more pronounced for synthetic data than for empirical data. Hence, the outperformance
of models incorporating a historical volatility factor compared to models without such a factor is
even more evident here, even though the synthetic data considered are generated from a model
that does not include such a factor. This element thus seems to lend credence to the hypothesis
of spurious volatility feedback, or at the very least, does not allow us to reject this hypothesis.
In other words, the outperformance of models incorporating a historical volatility factor does not
necessarily imply a structural volatility feedback e ect, but could also be a result of exogenous
frictions that are not directly measurable. In this hypothesis, the inclusion of a historical volatility
factor helps account for the impact of these frictions on volatility, but it does not reveal a causal
relationship between historical volatility and spot volatility. However, this hypothesis, in its pure
form, meaning a complete absence of positive volatility feedback e ects, appears challenging to
align with the excessive symmetry between volatility increase and decrease movements generated
by the model, as discussed in section 3.4.2.1.

A less stringent assumption, which may better reconcile the various phenomena under considera-
tion, is that positive volatility feedback does exist; however, its magnitude appears greater than
its actual scale due to the in uence of exogenous randomness. In this hypothesis, the historical
volatility factor obtained through regressions performed on empirical data (as those presented in
section 3.3 or in [117]) encompasses two heterogeneous components: a genuine positive volatility
feedback e ect and a component capturing the impact on spot volatility of past exogenous random
frictions. This hypothesis thus justi es a modeling approach that, on one hand, includes a historical
volatility factor, and on the other hand, incorporates the exogenous randomness component in the
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same manner as its endogenous counterpart through the process ; (equations 4.1). Therefore,
unlike a modeling approach of the form 3.6, which aims to explain volatility as much as possible
through endogenous factors, the exogenous source of randomness of volatility is, in this type of
modeling, no longer treated as a residual but as a component of the same nature as the source of
randomness associated with the price dynamics. If these two modeling forms constitute competing
approaches, they are not necessarily incompatible and could represent two valid ways of describing
volatility dynamics from two di erent angles. Nevertheless, this perspective implies the existence of
a mathematical equality relationship between these two modeling forms, allowing for a dialectical
resolution of this apparent contradiction.

Median Q1 Q3 D1 D9

Train | Test || Train| Test || Train| Test || Train| Test || Train| Test

M1 r2 0.35 | 0.105 || 0.291 | -0.15 || 0.419 | 0.245 || 0.229 | -0.52 || 0.479 | 0.351
' RMSE | 0.063 | 0.067 || 0.052 | 0.056 || 0.076 | 0.087 || 0.045 | 0.05 || 0.096 | 0.116
M.2 r2 0.406 | 0.174 || 0.328 | -0.1 0.488 | 0.323 || 0.233 | -0.57 || 0.576 | 0.437
' RMSE | 0.059 | 0.065 || 0.049 | 0.053 || 0.073 | 0.084 || 0.041 | 0.046 || 0.091 | 0.114
M.3 r2 0.469 | 0.281 || 0.419 | 0.11 || 0.539 | 0.378 || 0.374 | -0.19 || 0.599 | 0.481
' RMSE | 0.056 | 0.059 || 0.047 | 0.049 || 0.068 | 0.078 || 0.04 | 0.043 || 0.085 | 0.108
M.4 r2 0.455 | 0.286 || 0.407 | 0.093 || 0.531 | 0.368 || 0.357 | -0.21 || 0.596 | 0.448
' RMSE | 0.056 | 0.06 || 0.047 | 0.05 || 0.068 | 0.079 || 0.04 | 0.044 || 0.085 | 0.109
MLE r2 0.82 | 0.78 || 0.795 | 0.748 || 0.849 | 0.814 || 0.776 | 0.728 || 0.877 | 0.85
' RMSE | 0.032 | 0.032 || 0.028 | 0.028 || 0.039 | 0.04 || 0.024 | 0.024 || 0.047 | 0.049
M6 r2 0.821 | 0.782 || 0.796 | 0.749 || 0.85 | 0.816 || 0.778 | 0.728 || 0.877 | 0.85
' RMSE | 0.032 | 0.032 || 0.028 | 0.028 || 0.039 | 0.04 || 0.024 | 0.024 || 0.047 | 0.049
M7 1 r2 0.821 | 0.78 || 0.796 | 0.749 || 0.85 | 0.816 || 0.777 | 0.728 || 0.876 | 0.85
o RMSE | 0.032 | 0.032 || 0.028 | 0.028 || 0.039 | 0.04 || 0.024 | 0.024 || 0.047 | 0.048
M.7 2 r2 0.821 | 0.78 || 0.796 | 0.749 || 0.852 | 0.816 || 0.778 | 0.729 || 0.877 | 0.85
o RMSE | 0.032 | 0.032 || 0.028 | 0.028 || 0.039 | 0.04 || 0.024 | 0.024 || 0.047 | 0.049
M.7.3 r2 0.822 | 0.78 || 0.797 | 0.749 || 0.851 | 0.816 || 0.778 | 0.728 || 0.877 | 0.851
o RMSE | 0.032 | 0.032 || 0.028 | 0.028 || 0.039 | 0.04 || 0.024 | 0.024 || 0.047 | 0.049

Table 3.7: r? and RMSE associated with various RPDV regression models applied to synthetic data
generated from model 3.7.
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In a more pragmatic perspective of nancial engineering, both approaches have their own weaknesses
and strengths. For models incorporating a historical volatility factor in the form of 3.6, they hold
the signi cant advantage of making the purely path-dependent component dependent solely on
observable or quasi-observable variables - returns and past volatility - and of a single source of
endogenous randomness. This property o ers undeniable advantages in terms of tractability, ease of
computation, and simulation, as listed in section 2 of the article by Guyon and Lekeufack, when the
model is purely path-dependent (Y is a constant). However, this comparative advantage diminishes
when incorporating an exogenous source of randomness through Y, which appears to be necessary
based on empirical data (see section 3.3.2.2). On the other hand, the stochastic volatility modeling
approach allows for the incorporation of an exogenous component of random frictions without the
need for an additional process Y. However, this more natural way of integrating random frictions
within the volatility process can lead to greater complexity in terms of calibration. Consequently,
in a nancial engineering context, the speci ¢ problem at hand may lead to a preference for either
one of these two approaches.

3.5 Conclusion

The contribution of this chapter has been twofold. First, it introduced a class of models enabling
the joint modeling of both the rough behavior and the path dependency of volatility. Secondly, it
provided insights into the question: what are the appropriate ways to model these two empirical
characteristics in a manner consistent with market data?

To begin with, section 3.2 initiated by outlining a general form of path-dependent model, which
encompasses several signi cant volatility models found in the current academic literature. Based
on this foundation, we then de ned what we have referred to as the family of RPDV models. In
this modeling framework, volatility is a function of two stochastic processes, which can be seen
respectively as a type of price trend process and a type of volatility trend process. Being neither
Markovian nor semimartingale since their properties actually de ne them as a rough models, RPDV
models are not very tractable for simulations. To overcome this issue, we therefore introduced a
Markovian multi-factor approximation of RPDV models using Abi Jaber’s ndings ([1], [2]).

The section 3.3 assessed various forms of RPDV models based on their respective ability to explain
the realized volatility of ve stock indices. The results obtained highlighted several signi cant nd-
ings. Firstly, as previously demonstrated by Guyon and Lekeufack ([117]), purely path-dependent
models incorporating a historical volatility factor signi cantly outperform purely path-dependent
models solely based on a price trend process. In addition, it has been shown that these two cate-
gories of models di er from each other in the structure of their respective residuals. On one hand,
the models incorporating a historical volatility factor exhibit little to no signi cant autocorrelation
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in their residuals. On the other hand, the models that do not incorporate such factors show a very
strong and persistent autocorrelation in their residuals. This result has been paralleled with the
fact that all the models calibrated on market data - with or without a historical volatility factor
- implied a too low randomness of volatility in comparison to empirical volatility randomness. It
has thus been demonstrated that the conjunction of these results suggests the need to di erentiate
how an exogenous randomness source is integrated, depending on whether the model includes a
historical volatility factor. In the rst case, it is coherent to model volatility as the product of a
purely path-dependent model (integrating a historical volatility factor) with a stochastic process
whose random component is independent of the asset’s price Brownian motion, process that mean-
reverts very fast. This corresponds to the approach of Guyon and Lekeufack ([117]). For models
without a historical volatility factor, considering the autocorrelation structure of their associated
residuals, it is more consistent to integrate the exogenous randomness source as a component of the
same nature as the endogenous randomness associated with price dynamics. This aligns with the
standard approach of stochastic volatility models. Moreover, this way of integrating the exogenous
component of volatility has led to the formulation of the "spurious volatility feedback" hypothesis,
which posits that the apparent structural dependence of volatility on its past is actually driven by
its temporal dependence on an unobservable source of randomness, rather than a true structural
feedback mechanism in volatility.

The credibility of this hypothesis has been investigated in section 3.4 through numerical experiments
based on a fairly simple RPDV model that do not incorporate a historical volatility factor but
includes an exogenous source of randomness. First of all, based on these experiments, it was
shown that most of the phenomena that characterize the empirical dynamics of volatility can be
reproduced from this type of model. Furthermore, it has been demonstrated that by replicating
the same comparison carried out in section 3.3, this time using synthetic data generated from the
considered model, the obtained results were closely aligned with those obtained using empirical data.
In particular, similar to the assessments conducted on market data, regression models incorporating
a historical volatility factor greatly outperform those that do not include such a factor, even though
the data considered in this case are generated by a model that lacks a historical volatility process.
These results thus seem to lend credence to the hypothesis of spurious volatility feedback, or at least,
do not allow its rejection. However, it has been pointed out that these ndings should be tempered
by the observation that the volatility increase and decrease movements generated by the model are
slightly too symmetrical compared to empirical data. The connection of these two ndings has thus
led to favoring the hypothesis that there is indeed a positive feedback e ect of volatility to some
extent, but the magnitude of this e ect may be overestimated by the estimation method used due to
the presence of exogenous randomness. This hypothesis thus justi es a volatility modeling approach
that, on one hand, includes a historical volatility factor, and on the other hand, incorporates the
exogenous randomness component in the same manner as standard stochastic volatility models.
However, this does not delegitimize the primarily path-dependent approach as adopted in [117],
which treats the exogenous part of volatility as a residual. Indeed, it has been emphasized that, on
one hand, these two ways of modeling volatility are not necessarily incompatible and, on the other
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hand, they each present distinct advantages that position them as complementary approaches in a
nancial engineering perspective.
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Appendix 3.A Stochastic di erential equations for the Markovian
approximation of the RPDV model

We want to solve the following SDE:
dmﬁ';{ =5+t 11t 1My |m§'i dt;

To consider the dynamics of m&')t we set g mgi;{;t =e itmﬁ)t and apply the It lemma:

dPy
Pt

dg mﬁ{;t =eit + 1 3¢ Mgy dt

Consequently, if m{’) =0

z t
i ) dP
mg';1= e it W P7u+ 1 l;u) Mi;u du
0 u
Thus:
Z
X . t 3 dp
Wl;imgl;)t: Wl;ie uit W Pu + 1 1;u m1;u du
= P
Ri(t u)
Analogously, with
dmé';)t = ()%+ 22¢ 2Myy .mé')t dt;
by applying same steps, we obtain:
X . Zixx
1 -
Wo;iMy: = Wo:j€ zi(t W ( u)a2+ 2 20 Mgy du:
i=1 0 j=1

Appendix 3.B  Numerical quadratures

We are aiming to approximate the di erent integrals that make up the various elementary building
blocks of the tested RPDV models. The rst integral we are seeking to approximate is as follows:

Z

t dPy

N Pu : (3.8)
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First, using the midpoint method, we have the following approximation:

Z .
i dPy Pt
t t 05t 1+t _

. 1( u) P, (ti 1 i) Py, .

Therefore, because is assumed to be negligible ( 0), we can approximate the integral 3.8 as
follows:

=< P, _

t 05t 1 +t) L

ti t

The other integrals that we are seeking to approximate are of the form:
YA t
t u) f(udu: 3.9
1

Using the midpoint rectangle rule, we have the following approximation:
Z
(t u fudu t O05(t 1+t) F(t )t b 1)
ti 1
Consequently, we can approximate the integral 3.9 as follows:

X<
t 05(t 1+t) f(ti ) b 1)

G t

Appendix 3.C The ARPDYV model as a simulation device

The purpose of this appendix is to introduce a discrete version of the model M.6 (and consequently
of M.2 and M.7 when = 0) formulated as an extended autoregressive model, enabling the direct
utilization of parameters obtained from the regression method discussed in section 3.3.1. For
simpli cation purposes, we assume here that = 0, which is equivalent to assuming that the asset
price is a martingale. Furthermore, in order to incorporate the exogenous component of volatility,
we assume here that volatility follows a relation of the form 3.6, with Y being an exponential OU
process (refer to Appendix 3.E). Based on this premise, we propose the following discrete model,
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which we refer to as the Autoregressive Rough Path-Dependent Volatility (ARPDV) model:

p__
rr= ¢1 tXg
Pt =Pt 1(1+ryp)

(@) 1

t = @bo + by Wi.ile j+ D02 Woii t iAEXp 0:5s2 + sZy ; W=t (i+05) t j;

where X and Z; are i.i.d realizations from a standard normal distribution. In the case of s = 0, the
model is purely path-dependent. As soon as s & 0, the path-dependent component is multiplied by
a log-normal distribution with an expected value of 1.

560 [Market Data] [Simulated Data}
0.8 5,
2200 =
o 2000 0.6E
(@] (@)
2 1800 >
ge}
% 1600 0‘4_&)
1400 ‘ It | - 8
p" "‘l “\ \'1" | o
1200 ‘T W m
10003 2 a | 6 8 0 20

Time in years

Figure 3.6: Example of joint dynamics between the S&P500 and its volatility. The rst 5 years
consist of real data, while the subsequent 5 years are generated from 3-parameter ARPDV model
with =1:315;b; = 3:42;s = 0:316.

Remark Interestingly, when we impose the constraint ; = , , the (|)§timal parameters (in the
least squares sense) for the various indices are such that by 0 and b, :=1 wo.i 1. Given that,
it makes sense to use the following 3-parameter ARPDV model:

pP—
re= 1 tXg
Pt =Pt 1(1+1y)
o 1
X XK t (i+05 t
t= @bl Wil , + Wi 1AeXp 0:532 +sZ¢ Wi = P
i=1 i=1 L, t (k+05) t

Thus, as shown in gure 3.6, even though very parsimonious, this model enables the generation of
realistic joint dynamics of price and volatility.
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Appendix 3.D Estimation of the minimum value of the standard
deviation of the log-returns of volatility

The estimator of realized volatility used is calculated as follows:
v

o I —
1 X
M= % l’tz;i:
n t =1
Let r; N(0; 2 t). Under this assumption, the estimated log-returns of volatility can be
decomposed as follows:
o q P, 1 5 !
N t+1 1
log f\:l = log Bﬂq:,;jzﬁ log t:l + Zlog #ZZ :
|—{z1} &g |—{z—} | 7ty
R R E

where £Xig1 i n [ fZig1 i n is a i.i.d. sample such as 8i : Xj;Z; N (0;1). Consequently,
denoting by the correlation between R and E, we have:

Var R =VarR +VarE +2Std R Std E

0=VarE VarR +2StdEStdR +Std R *

Because Std R > 0:

q
Std R = VarE (2 1)+Var R Std E :

In addition, since Var R Var E >0
(0] 1

Std R Std E
@7=StdE 5(} lg<0:
@ Var E 2+ Var R Var E

Consequently, Std R increases with  over the interval [ 1 : 1]. It follows that the minimum
value of Std (R ) is:

min Std(R ) = Std R Std E :

In the case considered in section 3.3.2.2, Std R 0:347. Moreover, with n = 78 and using the
relation E = 0:5 log(F), where F follows a Fisher distribution F(78; 78), we obtain Std E 0:114.
Consequently, the standard deviation of the daily log-returns of volatility is at a minimum around
0.23 (0.347 - 0.114 = 0.233).
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Appendix 3.E Exponential-OU process

We know than if Y follows

the conditional distribution of Y¢ given Fq is ([153]):

2

Ye N Y +(Yo Y)e t;71 e 2t

2 2
Therefore, if Y = T by setting s? = 5 we have:

H Ee2. 2 -
. I!|n+11 exp(Yy) LN 0:55%;s° :

Appendix 3.F The model used for numerical experiments

By utilizing the approach detailed in section 3.2.3, the model 4.1 can be approximated by the
following Markovian model:

8
?Pt = o dt+dBy)
t
§th =1, tdZt + ( t)dt Mtdt,

Tt = hW; M¢d;

where W is the vector of weights and is the vector of discount coe cients, whose values are

determined using the method outlined in section 3.2.3 for a given pair ( ;n). For the numerical

experiments conducted in section 3.4, we utilize a 10-factor approximation (n = 10). In addition,

to perform simulations from this model, we use the following explicit Euler discretization scheme:
8

pP__
%Pt+ t =P¢l+ ( t+ tXi+ ©)

% P— P——

M+ + =M 1, t +1, ¢t t X ¢+ 1 W ¢ +( ) t;
< t+t =  hW; Mg i

where X; and W; are i.i.d realizations from a standard normal distribution. It is worth to note
that in order to ensure the stability of the scheme, all coordinates of must lower than it This
condition is veri ed for the speci cation considered in section 3.2.3.

83



CHAPTER 4

Price and Volatility Dynamics Under
Path-Dependent Models

Abstract

This chapter explores the implications of various speci cations of a path-dependent volatility
(PDV) model® that takes the form of a stochastic convolutive equation, under the assumption
that price drift follows a quadratic relationship with volatility. Initially, the chapter examines
the impact of assumptions about the risk premium on volatility dynamics. It thus demonstrates
how, within the considered framework, the components of the risk premium in uence the speed
of mean reversion of the volatility process toward its long-term level, as well as the level of attrac-
tion to which volatility is drawn. Several re nements of the model are then considered, which
underlie di erent assumptions about the mechanisms of price and volatility formation. The
rst type considered assumes that the level of attraction of volatility is itself a path-dependent
process, leading to an entanglement of path-dependence. The second type of re nement aims
to articulate the dynamics of price and volatility with the relationship between price and fun-
damental value. Two hypotheses in this regard are then explored. In the rst, the level of
attraction of volatility acts as an adjustment operator between price and fundamental value,
producing an e ect on the level of volatility and consequently in uencing the drift to bring the
price closer to the fundamental value. In the second hypothesis, the relationship is reversed:
the risk premium serves as the adjustment variable, resulting in a modi cation of the mean
reversion strength of volatility based on the di erential between price and fundamental value.

4.1 Introduction

Section 3.4 of the previous chapter has shown that a partially path-dependent volatility model,
in the form of a stochastic convolutive equation with a single kernel, can replicate most of the
characteristics of price and volatility dynamics. Moreover, their relative simplicity in terms of
structure makes them interesting analytical tools for understanding the relationships that link the
joint dynamics of price, drift, and volatility.

11t is understood here that PDV models include both fully and partially path-dependent models.
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Building on these insights, this chapter explores the implications of various possible speci cations
of the following PDV model?, which belongs to the general class (4.1) introduced in section 3.2 of
chapter 3:

8
dpP
%t = (dt+ dB:
Pt
t; = o+ 1My,
Z 4.1)
dPy
Mma;¢ = K(t U) p + l( 1:u u)du ;
le u
'
= dt = ¢ — dt+ (dWy;

1

where B and W are independent Brownian motions, is a F¢-measurable process, K is a positive
decreasing convolution kernelon R+, >0; o 0, 1<0, 1; 2R, and with r the free risk rate.
For the sake of clarity, we rewrite the expression of the volatility as:

z

dpP
t= ot Kt u) (u u) 1y du+ wdWy + 4 = 4 ; (4.2)
le u
with = ;1 ;and = 1 ;. Equivalently, by introducing a Brownian motion Z such that
dZ, = dW¢+ 1 2dB and setting ; = and = 1 2, we can also express the
volatility process as follows:
Z

t= ot Kt u) ((u )+ (ry u) du tdZy
It
As clearly shown in this last equation, the modeling framework considered implies an in uence of
the drift on the volatility dynamics due to its path-dependent property. In this chapter, we will
examine its in uence in the context where the risk premium of the asset ([34]) is an a ne function
of the volatility, such as:

e Tt 1+ 2 4 (4.3)
t

where 1 and  are assumed to be positive or zero3. This leads to the asset price drift following
the quadratic relationship:

t=rht+ 1 ¢+ 2( t)Z; (44)

where 1 and , can be interpreted as the volatility and variance risk premia, respectively. This
type of asset price drift, de ned by a risk-free rate component and a risk premium component,

2Here, the notion of PDV model includes both partially and fully path-dependent models.
3The assumption of the constancy of 1 and » is lifted in section 4.4.1.
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aligns with a modeling approach similar to that of the intertemporal capital asset pricing model
proposed by Merton ([154]), under the assumption that the volatility of the considered asset is
linked by a linear relationship with the instantaneous covariance of its returns with the returns
of the market portfolio (covariance, which is assumed to be positive). Regarding the quadratic
form 4.4 similar to the one proposed in [118], this allows for the modeling of a potential convex
relationship between the level of volatility and the drift.

Using the expression for the drift 4.4, the volatility can be rewritten as the following Brownian
semistationary process ([20]):
z z
t= ot Kt uwfy( u)du Kt u) ydZy; (4.5)

It It

where

fl(d= ¢ (+ 1)t 2( 0% (4.6)

In addition, to bound our analysis, we only consider the cases where the following constraints are
respected 8t 2 R.-:

1. 8 t2[0: t[:ft( t) 0,
2. fe( 1) =0,
3.8 t2] ¢+ f( ) 0, and f; is concave and decreasing.

To describe the behavior of the volatility dynamics for di erent model speci cations, we will refer
to ¢ as the attraction volatility whenever the equation f¢( ) = 0 admits a unique solution for each
t 2 R.. Moreover, the existence of an attraction volatility for f; ensures that a mean-reverting
force prevents the volatility process from diverging, even in the case where K is a power law kernel.

Having established the general modeling framework under consideration, a few preliminary remarks
deserve to be made.

First, in the case where = 0 and is a deterministic function (equation 4.2), the model is
purely path-dependent. Conversely, if is nonzero, the model is only partially path-dependent
and includes an exogenous source of randomness. Moreover, the proposed model is a stochastic
Volterra function when I, = [0 : t]. While this type of process is commonly used in the volatility
literature, the application of these Volterra processes in this context is largely con ned to modeling
variance through a Volterra square-root or Volterra Heston process [1, 2, 4, 5]. However, the type of
convolutive equation considered here for the volatility (in the case where I; = [0; t]) has already been
the subject of literature that has led to a number of important technical results ([165], [174],[167],
[75], [5]). In particular, when f is deterministic and a ne (i.e., is constant and ., = 0), ¢
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belongs to the class of a ne Volterra processes for which existence and uniqueness results for the
corresponding stochastic convolution equations are available ([5]).

The remainder of this chapter will set aside these technical aspects to focus on the impact of d-
i erent speci cations of f (equation 4.6). Several objectives are pursued. First, we aim to de ne
the conditions for the consistency of the speci cations of ¥ while clarifying the in uence of the
di erent parameters on volatility dynamics. In this way, we also seek to make explicit the economic
hypotheses underlying the model speci cations. Additionally, this chapter aims to examine com-
peting assumptions regarding the mechanisms of price and volatility formation, employing model
4.5 as an analytical framework.

To achieve these objectives, the chapter is organized according to the hypotheses formulated on
Section 4.2 analyzes the impact of the model parameters on the level of attraction volatility as well
as on the forces driving volatility towards this value, under the assumption that is a constant.
Section 4.3 then considers speci cations in which itself is a path-dependent process to discuss
the impact of this entanglement of path dependence. Finally, section 4.4 presents as a long-run
coherence operator between price and value. Two hypotheses are discussed: the rst assumes that
the mechanisms driving the price’s return to the vicinity of "fundamental value" in the long run
occur through variations in the level of attraction volatility, while the second implies that this
mean-reverting behavior is caused by adjustments of the risk premium.

4.2 The function as a constant

The function plays a central role in the dynamics of volatility. A natural speci cation is to con-
sider it as a constant.

The rst option is to assume that s strictly positive. In such a case, for f(0) > 0, must
also be positive. Under this speci cation, because of the term ( t), could seem to correspond
to the long-term volatility level towards which the volatility process tends to revert like in the
Heston ([121]) or Ornstein-Uhlenbeck (OU) ([186]) models. However, except in the risk-neutral
measure hypothesis (i.e. when ; and , are zero), the volatility level towards which the volatility
tends to revert is not equal to . Indeed, in addition to the di erence between and ¢, the price
drift  also plays a mean-reverting role by inducing a risk premium e ectof (1 ¢+ 2( )2,
which is a negative, continuously decreasing function of the volatility on R...

The second option is to assume that and are negative. The underlying hypothesis is the

existence of positive volatility feedback through t. At rst sight, under this speci cation and
if K is a power law kernel, the model may appear to be divergent due to the presence of positive
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feedback. However, due to the risk premium e ect mentioned above, this is not the case under
appropriate speci cations of the drift process ¢, which are detailed in the rest of this section.

Risk premium assumptions thus play a central role in the dynamics of volatility, regardless of
the value of . Let us consider the cases > =0and 5 >0 in turn.

421 Thecase ,=0

If we consider the case , =0, T is de ned by*:

()= (+ D¢ 4.7
So that { not to explode, 1. In addition, and must share the same sign in order that
f(0) 0. If is positive, the condition 1 is clearly satis ed. However, this inequality

is more interesting for < 0. In this case, it means concretely that the risk premium e ect that
puts downward pressure on volatility must be greater than the positive volatility feedback. As long
as this condition is met, regardless the value, T decrease linearly with the volatility and admit
unique constant attraction volatility given by:

The attraction volatility results thus from two e ects: a volatility feedback e ect and a risk premium
e ect. If > 0 both ones share the same direction. Conversely, if < 0, these two e ects are
antagonistic. In both cases, f can be rewritten as follows:

f(o= + t (4.9)
and therefore,
Z Z
t= o+ Kt u) u du Kt u) (dZg; (4.10)
It It
with = + 1. Equation 4.10 highlights thus the mean-reverting component that pushes the

volatility process towards the attraction level . Thus, the greater the risk premium 1, the lower
the attraction volatility and the higher the mean-reverting force

The = 0 case is speci ¢ since it does not admit an attraction volatility. The volatility is then
equal to
z
t= o0 Kt u) u( dZy du):
It
It is in interesting to note that if =0 ( = 1), the volatility becomes an a ne function of a

4We denote f without a time index when its time dependency only depends on .
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power-law moving average of the past returns adjusted to its deterministic component. In economic
terms, it may be interpreted as the fact that the risk premiums and the instantaneous volatility are
known by the market and, therefore, only stochastic uctuations (modeled by Brownian dynamics)
have an impact on the dynamics of volatility.

42.2 Thecase ,=>0

Now consider the behavior of ¥ under the assumption » > 0. Given this con guration, f admits
as unique attraction volatility

P
+ + 244
_ 1 ( 1) 2. @.11)
2
and T may be rewritten as (see appendix 4.A):
f(o= + v+ o2 2 (oF: (4.12)

The existence of a non-zero variance risk premium, therefore, led to the emergence of a second mean-
revertingterm- > 2 ( ¢)?> -which depends linearly on the di erential between the attraction
variance 2 and the variance process ( ). However, two cases must be treated separately:

1 and > .

In the rst case ( 1), T is continuously decreasing in volatility (on R+), but contrary to
the case de ned by equation 4.7, this relationship is strictly concave. Consequently, the force of
mean reversion is stronger for = + than for = for all > 0. On a practical

level, this direct consequence of the quadratic form of the drift process reduces the probability of
extremely high volatility levels compared to the pure volatility premium hypothesis (i.e., > =0).

Now, if we consider the case whe > 4, the behaviour of T change dramatically as shown in
table 4.1. In this speci cation, ¥ is no more homogeneous but concave downward because of the
antagonistic e ects of the positive volatility feedback and the risk premium e ect (see gure 4.2).
Indeed, the volatility feedback component 1 is linearly increasing in volatility while the risk
premiume ect (1 ¢+ 2( ¢)?) is strictly concave decreasing of volatility. Therefore, when the
volatility is between 0 and the attraction volatility (equation 4.11), the volatility feedback e ect
dominates and T is positive. Conversely, when ¢ is greater than the attraction volatility, the risk
premium e ect dominates and f is positive. This speci cation is particularly interesting in the case
where K(:) is a rough kernel, as it allows for a strict positive volatility feedback (strict in the sense
that + ; > 0) while preventing the divergence of the process via the variance premium.
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Figure 4.1: The table of variation of f( ) when , >0 and > .
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The study of these di erent speci cations of 4.2 emphasizes the importance of assumptions relating
to the drift process on the mechanisms that push back the volatility towards an attraction level.
More precisely, it has been shown through equations 4.8 and 4.11 that the level of attraction
volatility is a decreasing function of risk premia®. In other words, all things being equal, the
higher the risk premia are, the lower the mean volatility. Conversely, the mean-reversion speed is
an increasing function of risk premia (equations 4.9 and 4.12). Consequently, the higher the risk
premia, the lower the dispersion of the volatility distribution. Broadly speaking, it has shown that
even when we limit to the case as constant, the model covers various competing assumptions
about volatility dynamics.

In sections 4.3 and 4.4, we will consider hypotheses in which is time-dependent.

KO F--- e — A1=0.5 and )|2=0

-»AI,‘J_\E —_— A1=05andA;=1
0 S,

flot)

i G iy

or--

Ot
Figure 4.3: Plot of f( ) when and are strictly positivepwith di erent hypotheses about
+ 24+ 4
the risk premium, and the associated zeros of f( ¢): (i)= ( ) > 2 1,
2
if)= nd iii—p2+4 2
(i= +71, and (iii)= 2,

SWhen we refer to "risk premia" in this chapter, we are referring to 1 and 5, which determine the total risk
premium ¢ (equation 4.3).
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4.3 The function as a path-dependent process

A possible alternative to understanding as a constant is to specify it as a path-dependent process.
The idea is to take inspiration from the structure of the super-Heston raw volatility model (SHRV)
introduced in [80] in the speci cation of . This SHRV model is de ned by:

z z

2 _ 2 t(t uy * t(t uy * 2 .
(0°=(Co)r+ o 7( ) uwdZy + o 7( ) u  (u) du;
t= t+(xt)2;
Z
_ dPy
Xt - 0 K(t u) PU ’

with a deterministic function, K a kernel function, and Z a Brownian motion independent on
BS. Therefore, the process X and thus are path-dependent processes allowing to capture of the
strong Zumbach e ect. Concretely, which plays the role of attraction variance (the level towards
which the process of variance tends), is a function of the square of a moving average of past returns
(i.e. (X¢)?). Due to the independence between W and B, the path dependency is only captured
by this variable . Regarding this point, the SHR model and the path-dependent volatility model
under consideration di er. Indeed, for a model of the form 4.2, the path dependency of adds to
the path dependency depending on

dPu
Py

Kt u) : (4.13)

It
There is then a mechanism of entanglement of path dependencies. The question then arises about
the interest to introduce this new layer of complexity. One of the main potential motivations is
better accounting of the time-reversal asymmetry that characterizes nancial time series ([203],
[204], [205]). This consideration appears relevant in light of the results presented in section 3.4
of chapter 3, which indicate that the upward and downward movements in volatility generated by
models that do not a historical volatility factor are "slightly too symmetrical compared to empirical
data". The aim is to model the fact that a sharp increase in volatility is typically triggered by
a price drop through a fall in 4.13. However, even when 4.13 returns to its level prior to the
volatility spike, volatility tends to remain elevated due to a latency phenomenon. More broadly,
this approach allows the attraction volatility to be modeled as a path-dependent process, thereby
explaining phenomena that are often perceived as exogenous structural breaks in the volatility
formation mechanism. If >0, a possible speci cation of in line with this objective is

+= Z+jxtj%; (4.14)
arP, &
Pu ’

X¢ = K(t U)

It

(4.15)

SNote also that the SHRV model is a RPDV model as de ned in chapter 3.
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witha 2 f1;2g, > 0and K a kernel whose integral on R is convergent (for instance an exponential
kernel).

First, note that since is necessarily positive and given results obtained in section 4.2, the existence
and unicity of the attraction volatility is guaranteed at each time t. Moreover, this attraction
volatility is given by equation 4.8 if , = 0 and by equation 4.11 if , > 0 (we just replace by

(t) de ned by 4.14)7. Whatever the assumption about risk premia, by the relationship between
and the attraction volatility, the expression 4.14 makes the level towards which volatility tends a
function of a process dependent on the historical price path: X. The nature of this process depends
on the value taken by the parameter a.

If a =1, X is a moving average of returns like the term 4.13, and may be apprehended as a past
price trend. Consequently, the volatility process becomes linearly dependent on a moving average
of the absolute value of a moving average of past returns through the term®:
z zZ,
Kt u) K(u s)
Ie I 1 {Z

du: (4.16)

This entanglement of moving averages has several implications. First, it allows the introduction of
inertia in the impact of past price trends on the volatility level coherent with the empirical time
reversal asymmetry mentioned above. Second, it implies that the longer a price trend the higher
4.16. Another important element, on the contrary to the term which is linearly sensitive to a past
price trend, is linearly sensitive to the absolute value of a past price trend. Therefore, a positive
price trend such as X¢ > 0 increases  and by extension the attraction volatility. Consequently,
a strong positive price trend produces two antagonistic e ects on the volatility level: on the one
hand it decreases the volatility component 4:13, on the other hand, it increases the component
4:16. Conversely, in a negative price trend circumstance, both component puts upwards pressure
on the volatility process. This asymmetry in the impact of the price trend on the volatility process
is consistent with the empirical relationship highlighted in chapter 2, which links the EWMA of
past returns to the volatility levels observed in stock markets.

If a =2, X corresponds to a weighted moving average of the realized variance. Therefore, X is no
longer a price trend variable but a variable representing asset price activity, similar to m, in the

7For instance, if » = 0, the attraction volatility is

. L1

+jX¢ja

=
+
8The volatility may be written as
z z
t= ot K(t U) +jXUj ( + 1) u 2( u)2 du + K(t U) udZy:
It It
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general PDV model 4.1 introduced in chapter 3. The volatility process is thus linearly sensitive to

A4
Zt uZu

K(t u)_lLé KU s)( s)2ds du: (4.17)
|2 {z }
Xu

0

Through this term, in a similar way to the case a = 1, the volatility process is subject to a force
of inertia that depends on the duration of the volatility trend due to the fact that X is a moving
average. Consequently, a short volatility spike does not increase the attraction volatility in the
same proportion as a longer period of high volatility. Furthermore, this speci cation is particularly
suited to capture time-reversal asymmetry. Indeed, even after a strong rebound following a negative
trend causing a period of high volatility, the volatility process tends to remain higher than normal
for some time due to the force of inertia induced by the term 4.17.

Thus, if the case a = 1and a = 2 imply di erent hypotheses about the determinant of the attraction
volatility, both allow make the RPDV model 4.2 strongly time-reversal asymmetry.

4.4 The function as along-run coherence operator between
price and value

A third way to apprehend is to link it to the long-term consistency between "fundamental” value
and price. The idea is thus to model the hypothesis formulated by Black in 1986 ([36]) that, while
prices may signi cantly diverge from their "fundamental value" in the short to medium term, there
are "forces tending to cause prices to return to value" in the long term. This hypothesis aligns with
the empirical work of Campbell and Shiller ([57], [58]), which shows that fundamental indicators -
such as dividends per share or the price-to-earnings ratio in the stock market - tend to revert to
a long-term level, thereby preventing a complete disconnection between price and fundamentals.

will thus take the role of coherence operator between price and value, allowing to reconcile this
empirical evidence while preserving the hypothesis on price drift as a quadratic function of volatility.

For this purpose, we assume, rst, the existence and the uniqueness of attraction volatility denoted
t,» and second that the following conditions are met:

8

2 q forVe Py

§: (o for Pi = Vi (4.18)
- Ot for Vt Pt,

2
rr+ 1 ¢+ 200
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where V is the value, q its growth rate such as q¢  ry °. Concretely, these conditions mean that
the drift tends to revert toward: (1) a level superior or equal to the growth rate of the value when
the price is inferior to the value, (2) the growth rate of the value when the price is equal to the
value, (3) a level inferior or equal to the growth rate of the value when the price is superior to the
value, and these adjustments pass by a variation of the level towards which the volatility tends.

A hypothesis consistent with 4.18 is to assume that
1o+ 2( 0P =F(VeP)@ 1 (4.19)

where F is a function that respects 8 (V;P) 2 R3; F(V;P) > 0 and such as

1 for V¢ <Py,
=1 for Pt = Vt, (420)
1 for Vi > Py

This supplementary condition ensures a positive risk price, an important property since market
players are supposed to be risk-averse. Obviously, its de nition remaining quite general, F admits
a multiplicity of speci cations.

The simplest case satisfying conditions 4.20 is F(V;P) = 1; 8 (V;P) 2 R3. Within this framework,
the attraction volatility does not depend on V¢ and P¢. This property is interesting from a practical
since it dispenses with determining the value V : only its growth rate q is required to specify both
and the attraction volatility. In consequence, the di erential between price and value has no impact
on the drift of the asset price.

In all other speci cations of F, the term F(V;P) is a path-dependent component of the volatility
process. Indeed, it implies necessarily that the right-hand term in equation 4.19 whom the volatility
process depends is greater in case V > P than in case V < P. The particularity of this path-
dependence is that it is not purely endogenous, but linked with the joint past path of price and
value. It implies the existence of a mechanism for an increase in the drift when V¢ > P and a
decrease in it when V¢ < P¢. Obviously, the introduction of such a mechanism must be done in
accordance with the conditions previously de ned, in particular the existence of attraction volatility
(by de nition strictly positive). For instance, a simple speci cation that respects conditions 4.20 is
to de ne F as the ratio value-on-price, i.e.
Vi

F(VePy) = B (4.21)

9If the value follows an ordinary stochastic di erential equation, the value dynamics are thus given by:

dVi
— = qedt:
Ve T
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The impact of this speci cation on the dynamics of the volatility process di ers signi cantly de-
pending on the drift components ensuring that the equality 4.19 holds.

We will consider below two competing hypotheses. In the rst one, risk premia are constant and
equality 4.19 is guaranteed through a variation of the attraction volatility. Conversely, in the second
hypothesis, the attraction volatility is constant and equation 4.19 is realized at each instant by risk
premia adjustments.

4.4.1 The attraction volatility as an adjustment variable

Let us begin with the case where risk premia are constants, and the attraction volatility constitutes
the adjustment variable allowing equation 4.19 to be respected. Again, thecases ; =0and , >0
needs to be considered separately.

If , =0, as shown in section 4.2.1, it exists attraction volatility only if < 1. Under this

condition, the attraction volatility is de ned by:

= F(Ve:Po(@e o)
1

; (4.22)

and (t) (using equation 4.8), by

t:F(Vt;Pt)(Qt O + 1),
1

(4.23)

In this case, there is so a linear relationship with F (V¢; Py)(q:  r¢) for both  and the attraction
volatility. Therefore, for a given pair (V; P), the attraction volatility is an increasing linear function
of the di erential between the growth rate of value and the risk-free rate. Thus, for a constant
free-risk rate of the value, a variation q of the growth rate of the value results in a variation

of the attraction value. Symmetrically, for a constant growth rate of the value, a variation r of
the risk-free rate results in a variation of the attraction value. Of course, the independence
between q and r is not required.

In case , > 0, the attraction volatility is de ned by:

o P+ ;u:(vt; PO@_ 1o 2. (4.24)
2

and (t) is given (using equation 4.11) by'°:

FVeP)@ ) 2+05 (P +aFWVePo@ 192 1
t= : (4.25)
2

10gee appendix 4.B.
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In addition, to ensure that f,(0) > 0, the following inequality must be respected
F(VuP)@ 1o > — 1 +— (4.26)

The hypothesis then makes then the attraction volatility a strictly concave increasing function of
F(Ve; Po)(ge o). It follows that for a given pair (V; P), a movement of the di erential ¢ r has more
impact on the attraction volatility when g r is low. In the same way, a variation of F (V¢; P¢) has
more impact on the attraction volatility when volatility is low. Moreover, it should be emphasized
that the condition 4.26 is a strong constraint when F is di erent from F(V;P) =18 (V;P) 2 RZ.
For instance, the hypothesis of F as the value-on-price ratio is not compatible with 5 > 0 due to
this condition, because in such case, the inequality 4.26 has a non-zero probability to be violated.

e — A1=0.1 and/b:()
m— A1=0and/\2=2 }/‘/
— A1=0.1land ;=2

F(Vti, Pe)(qQe — i)

Figure 4.4: The relationship between the attraction volatility ¢ and F(V¢;Po)(gc  re) under
di erent hypothesis about risk premia values.

In both considered assumptions relating to risk premia, all things being equal, for all speci cations
of F di erentof F(V;P) =18 (V;P) 2R3 the attraction volatility is strictly higher when V; > Py
than in the situation V¢ < P¢. The price adjustment to value in the long run pass then through
variations of the attraction volatility that impact the volatility and thus, due to the positive relation
between ¢ and ¢, the asset price drift. For instance, if F corresponds to the value-to-price ratio
(equation 4.21), the higher the price relative to the value, the lower the attraction volatility is. In
this speci cation of F, a signi cant drop in price that is not due to a change in the fundamentals
generates an increase in the attraction value as long as the value-to-price ratio has not returned to
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its original level. This increase is higher in absolute terms the more that the value-to-price ratio is
high. For example, under the hypothesis , =0 and ; > 0, an instant 20% price drop increases
attraction volatility by 25%, while a 50% price drop increases it by 100%. Furthermore, as in the
hypotheses considered in section 4.3, this mechanism joined to the negative relationship between
past price trends and the volatility process makes the model structurally adapted to capture a
strong reversal asymmetry.

4.4.2 The risk premium as an adjustment variable

An alternative hypothesis is that the attraction volatility is constant, with the risk premium and
its component variables serving as the adjustment variables that ensure the satisfaction of equation
4.18. This reversal has strong theoretical implications. Indeed, under this hypothesis, the implied
risk aversion of the market becomes endogenous. The price of the risk is no more the result of
exogenous market participant preferences but a consequence on the one hand of the di erence
between the growth rate of the value and the risk-free rate, on the other hand of the long-run
level of volatility. In other words, the price of the risk becomes a variable socially constituted by
the interaction between agents that treat information related to fundamentals, and thus cannot be
deduced by the aggregation of individual risk aversions.

To understand the practical implications of this reversal, let us start by considering the value taken
by risk premia in this hypothesis and its implication on the volatility dynamics. To this end, we
now assume that the risk premium takes the following form:

It

t
t= = (1t 2 ti;
. PR

where ¢ is the component of the risk premium independent of V¢ (and its dynamics) and ¢ is the
adjustment operator for the risk premium. Equation 4.19 may then be rewritten as:

t(1+ 2 ) =FVuP)@ 1)

It follows that the adjustment operator for the risk premium is given by:

_ FVeP)(ae rt):

T+ o)

Thus, in this framework, the price drift and the risk premium are de ned by:

+ F(Ve;PO(Ge  ro)
| (1+ 2)

(1+ 209 ¢

{z }

t

t—= It

Consequently, for a given volatility level, the risk premium is linearly dependent on the di erential
between the growth rate of value and the risk-free rate multiplied by F (V¢; P¢). From an economic
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perspective, this means that an increase (resp. decrease) of the di erential between the growth
rate of value and the risk-free rate increase (resp. decrease) the implied risk aversion. Similarly,
if F is a strictly increasing function of the di erential between price and value, an increase (resp.
decrease) in the value/price ratio also increases (resp. decreases) the implicit risk aversion.

Besides, if were constant, an increase in the risk premium would result in a reduction of the
attraction volatility (equations 4.8 and 4.11). However, as mentioned above, we here assume con-
stant attraction volatility. Accordingly, using the results obtained in appendix 4.A, is de ned as
follows:

where 1= ¢ 1and 2= ¢ 2. This de nition ensures that the attraction volatility remains
invariant by neutralizing the e ects of variations in risk premia on the attraction volatility level.
However, this invariance does not imply neutrality of the risk premium ¢ level on the volatility
dynamics. Indeed, as already remarked in section 4.2, the function ¥ may be written as

()= + 1t e+ o2 2 (07
and therefore, the reverting force that pushes the volatility process towards its attraction level is an
increasing function of risk premia. Due to this relationship, all things being equal, the higher the
risk premium  (for a given value of w) the lower the dispersion of the volatility distribution. In this
manner, an increase in the risk premium, which can be originated by an increase of the di erential
between the growth rate of value and the risk-free rate or an increase of the value-on-price ratio
(or both), tends to reduce the randomness of the volatility.

4.5 Conclusion

This chapter explored the implications of various speci cations of a PDV model that takes the form
of a stochastic convolutive equation, under the assumption that the price drift follows a quadratic
function of the volatility process.

First, it was shown that, in the considered framework, the combination of the path-dependence
property of volatility with the assumption about the drift leads to an impact of the risk premium
on the level to which the volatility tends to revert (the attraction volatility) and the strength of its
mean reversion. More precisely, the attraction volatility is a decreasing function of the volatility
and variance risk premia, while the speed of mean reversion increases with these premia. Moreover,
the structure of the risk premium - that is, in the considered framework, the respective values of
the volatility and variance risk premia - in uences the type of mean reversion. In particular, the
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presence of a strictly positive variance premium results in a stronger mean-reversion force toward the
attraction volatility when the di erence between the attraction volatility and the current volatility
is negative, compared to when it is positive, for the same absolute di erential. In contrast, if the
variance premium is zero, the mean-reversion force is symmetric.

This chapter also explored competing hypotheses regarding the mechanisms of asset price and
volatility formation by considering more speci ¢ forms of the general model.

Thus, after presenting the simpler speci cations in which both the attraction volatility and the
mean-reverting force are constant, we introduced a speci cation in which the attraction volatility
level itself is a path-dependent process, leading to an entanglement of path dependencies. This
speci cation reinforces the time-reversal asymmetry property of the process, which is an important
empirical characteristic of nancial data ([203], [204], [205], [39]). In this way, it addresses the
shortcomings of models of the type considered in section 3.4 of chapter 3, in which the upward and
downward movements in volatility are "slightly too symmetrical compared to empirical data".

The last type of speci cation considered in this chapter aimed to propose a formalization that
reconciles the highly endogenous nature of price and volatility dynamics implied by the path-
dependence property of volatility, with the hypothesis that, in the long term, the price tends to
return to the vicinity of its fundamental value. Two competing hypotheses were then considered.

In the rst, the adjustment between price and fundamental value occurs through a variation in the
level of attraction volatility. In this con guration, the attraction volatility increases with both the
di erential between the growth rate of value and the risk-free rate, and the di erential between
price and value. Thus, changes in attraction volatility lead to changes in the volatility level which,
in turn, through a risk premium e ect (with the structure (= 1+ > { remaining unchanged),
results in an adjustment of the drift level.

The second speci cation reverses the causal relationship, assuming that it is the risk premium that
acts as the adjustment variable, preventing a total disconnection between price and fundamental
value. In this speci cation, both the volatility premium and the variance premium increase with
the di erential between the growth rate of value and the risk-free rate, as well as the di erential
between price and value. Consequently, while the attraction volatility remains constant, changes
in the structure of the risk premium create an increasing relationship between the mean-reversion
force and these di erentials.

100



Appendix 4.A Highlighting the mean-reverting component
of the volatility process

Using expression of the attraction volatility 4.11, we have:

Replacing in equation 4.6, we then obtain

f(o= + 1 ¢+ 2 ? (t)23

Appendix 4.B Zero of the function f in polynomial drift
hypothesis

The unique positive solution to'* y;+ ; + , 2=0is

o
1+ (1) +4ye 2,
2 5 )

In addition, from equation 4.11 in section 4.2, we now that
P

(+ 1)2+4 54 1.
2 5 '

t

111n the considered context set out in section 4.4,

yt = F(Ve; Po)(qe  re):
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By combining the two previous equalities, we have:

P P
(+ 1?2+4 3¢ 1_ 1+ (1)*+4ye o
b 2 %)2
(+ 1?2+4 2 (1 1= 1+ ()2 +4y 2
P
(+ 1)%+4 2= +  (1)2+4y:
(+ 1)2+4 o= 2+ 2 ()2 +4dy , +2

Yyt 2+ 05

o M
(1)2+4y: 2

o
(1)2+4y: 2 1

2

It is clear that if is positive, ¢ is also positive 8y; > 0 and therefore

f( ¢)>0. If isnegative, to ensure that (t) 0:
P 2
Yt 2+0:5 (1)°+4@ r)2 1 >0
, 2
ﬁyt 1 (1)? 42%>0
4 2
gy 4, —+1 y>0
1
2 2 1 )
4 2yt >y —+1 >0
Consequently,
Yo=— 1+ -
2
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CHAPTER 5

Deep Estimation for Volatility Forecasting

Abstract

The use of deep neural networks (DNNs) for the calibration of volatility models applied to
pricing and hedging issues has led to abundant academic literature. In contrast, few works
utilize these tools for model estimation with a focus on volatility forecasting. Building on
this observation, this chapter introduces an innovative deep estimation method using historical
data, speci cally designed for volatility forecasting. To illustrate the approach, we focus on
estimating a rough path-dependent volatility (RPDV) model from the class introduced in chapter
3, which is particularly well-suited for forecasting but challenging to estimate with standard
techniques. After formalizing the estimation problem within the framework of Bayesian decision
theory, the chapter details the methodology for constructing the estimator function. Finally,
a comprehensive evaluation of the estimation approach is conducted using both synthetic and
market data to assess its performance.

5.1 Introduction

The use of machine learning methods in nance has experienced a signi cant boom in recent
years. Among the most important use cases is the deep calibration of volatility models which
consists in using arti cial neural networks (NNs) to determine a set of parameters for a certain
model in order to best meet given pricing or hedging objectives. If this topic resulted in abundant
literature ([24], [21], [125], [181]), research on the use of NNs for model estimation in the context
of volatility forecasting is much scarcer. However, this subject also represents an important issue
within quantitative nance.

The potential interest in deep estimation within this framework is manifold. Firstly, the last decade

has seen the emergence of numerous new volatility models that could serve as powerful tools for
volatility forecasting. However, due to their complexity, some of these models are practically di cult
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to estimate using standard approaches such as maximum likelihood-like methods. In addition, as
decision theory demonstrates, the most probable set of parameters is not necessarily the optimal
choice from a consequentialist perspective ([168], [30], [32]). In fact, the optimality of a parame-
ter set depends not only on the parameter distribution but also on the model’s intended use for
estimation ([120]). For instance, the optimality criterion for the parameters of a model used in an
options pricing perspective is typically de ned by a tting criterion, either of an option price map
as in [125], or of an implied volatility surface as in the article by Rosenbaum and Zhang ([181]).
Analogously, the optimality criterion used for parameter estimation in the context of volatility
forecasting must re ect this objective to be fully consistent. However, the associated optimization
problem can be very di cult, if not impossible, to solve analytically.

Accordingly, the present chapter aims to introduce a deep estimation method for volatility models
based on historical data, grounded in the theoretical framework of Bayesian decision theory (BDT).
The core principle of this method involves estimating a volatility model through the interaction of
two neural networks (NNs): the rst NN associates a historical dataset with a vector of parameters
and state variables of the considered model, while the second NN uses this vector to estimate
di erent moments of the associated volatility. This second NN compensates for the lack of analytical
formulas for the volatility moments of the model, playing a role similar to the NN pricing map
approximator proposed by Horvath et al. ([125]). The volatility model under consideration for
estimation is a version of the rough path-dependent volatility (RPDV) model, which belongs to the
class of models introduced in chapter 3. It is a good candidate for the proposed approach since, on
the one hand, it provides a framework for capturing the main empirical features that characterize
volatility dynamics, making it a potentially suitable model for volatility forecasting, and on the
other hand, it is very complex to estimate using traditional approaches. Obviously, although this
chapter focuses on this model, the general principle of the proposed estimation method can be
applied to other volatility models as well.

The chapter is organized as follows. Section 5.2 provides the de nition of the RPDV model intended
for estimation, along with an explanation of its role in forecasting. This leads to the formalization
of the estimation problem as an optimization issue within the BDT framework. In section 5.3,
a method for constructing an estimator function is presented, aiming to address this problem by
utilizing two deep neural networks within a collaborative game framework. Lastly, in section 5.4, a
comprehensive evaluation of the resulting estimator function is conducted from various perspectives,
using both synthetic and market data.
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5.2 Exposition of the estimation problem

5.2.1 The model to be estimated

5.2.1.1 The considered rough path-dependent volatility model

In the present chapter, we aim to estimate the following RPDV model:

8
dP
P7t = 1 ¢+ 2( ¢)? dt+ dBy
t
P
t = o+ 1R+ 2 Ry
Z : (5.1)
t dPy
Rit = t u ¢ 1 Rpudu
a Pu
Z
_R2;t = (t U) 2 3 2 R2;u du
1

Here, the asset price thus depends on 1 and 5, which are positive risk premia, B is a Brownian
motion that constitutes the unique source of randomness, and is the volatility process. This
volatility process is a multilinear function with ¢ a positive constant, ; 0 a sensitivity parameter
to R; that can be viewed as an asset price trend variable, and , 0 a sensitivity parameter to
R, that can be viewed as a variable measuring recent market price activity regardless of the sign
of the trend. is a positive parameter close to zero that encodes a latency of the impact of price
dynamics on the volatility process. Technically, this parameter allows for values of ; greater than
0.5 to be given without causing divergence issues. Furthermore, the memory of the processes R1
and R, depends on the respective positive parameters ;, 1 and 2, ».

This model has several remarkable properties that make it highly suitable for volatility forecasting
issues. First, it is structurally adapted to jointly capture two important empirical features, which
are the rough behavior and the path-dependence of the volatility process. The rough volatility
dynamics are determined by the rough kernels Ki( ) = 1and Ky( ) = 2, while the model
incorporates path-dependency through the processes R; and R,. Additionally, this version of the
RPDV model shares a similar structure with the PDV model introduced by Guyon and Lekeufack
([117]), which has demonstrated strong predictive capabilities in volatility forecasting.

5.2.1.2 The Markovian approximation of the model and its discretization scheme

Like other rough volatility models, the RPDV model is non-Markovian, which makes it di cult
to simulate e ciently. However, as shown in chapter 3, we can approximate model 5.1 by the
following Markovian model (see appendix 5.A.1), which will be referred to as the M-RPDV model.
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P
This model substitutes rough kernels t i with kernels of the form Kj( ) = L, wj;i jiie ¥ :

8

dpP
Pi'[ = 1 ¢+ 2( )? dt+ dBy;

t

P
t = o+ 1R+ 2 Rog
dpP
de;t = 1 P—t 1R1;tdt 1 Rl;tdt;
R (5.2)

dRo: = 2 2 2Rz dt 5 Rpudt
R1;t = W;T Rl;t;
“Rot = W2>R2;t;

where W; the vector of weights (wj:i)1 i n and j the vector of discount coe cients ( j:i)1 i n,
such that

2 3 2 3

Wij;1 jn
szg:: é; j=§::é:

Wj ;

;n in

The method used to obtain these vectors is presented in appendix 5.A.2. It should be noted that
model 5.2 depends on the parameter vector

= 1, 25 0y 1y 25 1; 25 15 2

and that all relevant information at time T for the volatility dynamics is aggregated into the
following vector of state variables:

— @ .. p) . @) . ... p(M)
Rr = Rit;iRITIR T IR, T
Consequently, the estimation procedure will consist of estimating the 2n + 9 vector
@ ..M. pM) ...

T= 120121 21 2R R RY R (5.3)

with T a given period. This vector is therefore composed of 9 parameters and 2n state variables.
To perform simulations from the model required by the estimation procedure, we use the following
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explicit Euler discretization scheme:

8
Pee t+ =Pel+ 1 ¢+ 2(0)? t+ ¢Bw ¢ Be
P P
Rite ¢t =Rt 1n 1 t + 1 % 1Ryt t ]
t
Rojt+ t =Rot¢ 1n > t+ 2 2 Rat

(5.4)

—_ > .
Ritr t+ =WIRpe o

>
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o+ 1Ryt+ ¢+ 2 Ray

1
-+
+
=
|

with t being the time step of simulations and (Bt+ + Bt¢) N(0; t). Itis important to note
that in order to ensure the stability of the scheme, all coordinates of j must be lower than ;.
If one wishes to eliminate this condition, an alternative is to opt for an implicit-explicit scheme
analogous to the scheme proposed by Rosenbaum and Zhang ([181]) for the quadratic rough Heston
model. The time step t used in this chapter is Wlssl year, and the larger discount factor is equal
to 10000 (expressed in years). Therefore, because 8i;j; j.i t < 1, this stability issue does not
arise.

5.2.2 The Bayesian estimation problem to solve: a forecasting objective-
based estimation problem

5.2.2.1 The forecasting issue

The estimation method presented in this chapter for model 5.4 is speci cally designed to address
a particular forecasting problem. More precisely, we place in a context in which we have a data
matrix D of the form

1

tl g; (5.5)

o
P,
D= g n
PtN -~
where t; < ::: <ty = T, P represents the price of a nancial asset, and ~ is a proxy of its
realized volatility de ned as the square root of the sum of squares of a sample of 78 observations
of logarithmic returns over the considered period?. From this N 2 data matrix, we want to get

N

1The reason for choosing this discretization time step is that a trading day is approximately equal to é of a

year, and the realized volatility estimator used in this chapter is calculated using 78 price observations per trading
. — 1

day: 555 75 = Toess- ) ) o )
2Regarding the simulated data, this proxy is calculated from 78 log-returns evenly distributed over a period of

flz year. For the real data used in section 5.4.2, ~ is calculated from a sample of 78 5-minute log-returns.
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an estimator as accurate as possible of the following set of conditional moment vectors:

p
M= E 1+ k]D ; Std T+ kJD X (56)
k=1
where ;  p represents di erent time horizons. In this chapter, we will consider the horizons of
1, 5, 21, 42, and 63 trading days, which are de ned here as ﬁ year.

This objective, based on the rst two moments of volatility, makes sense in practice for any goal of
predicting the volatility distribution over the considered horizons, such as implementing volatility
arbitrage strategies. Indeed, on the one hand, log-volatility increments closely follow a Gaussian
distribution ([104]), and empirical volatility distributions closely resemble log-normal distributions
([162], [193]); on the other hand, the conditional volatility distributions generated by the RPDV
model also exhibit similar log-normal behavior. Consequently, the mean and standard deviation of
volatility almost fully capture the information about its distribution, both in an empirical context
and within the RPDV model framework.

The RPDV model will therefore serves as a tool to estimate these moments. Consequently, contrary
to standard statistical approaches like maximum likelihood estimation, the estimation procedure
will not consist of determining the most likely vector +, but rather the vector + that serves this
forecasting goal the best.

5.2.2.2 The Bayesian estimation problem

To propose an appropriate estimation method for the RPDV model that aligns with the forecasting
objective de ned in section 6.2.2.1, we adopt the theoretical framework of Bayesian decision theory
([30], [32]). As a result, we assume that the dynamics of (P; ) follow a model given by 5.4, and
t is considered as a random vector with a prior distribution  (i.e., ), 8 t. Under these
assumptions and following the principles of BDT, an estimator "rof 1is optimal given D and a
loss function L if it minimizes the expected posterior loss de ned as follows:
h i 2
E,L ;% = L ;% do(7); (5.7)
R2n-+9

where p represents the posterior distribution for 1 given D3. Regarding the loss function L,
its purpose is to capture the objective of the estimation, which is to obtain an estimator of the

conditional moments in ;. This function L is de ned as follows:

N X N
L o't = & C M(1; :M(CT; k) (5.8)

k=1

3In practice, updating  with the information contained in D (i.e., determining p) is not a trivial task. The
estimation procedure presented in section 5.3 does not require directly computing this posterior measure.
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where fcgl_; are positive weights, C is another loss function, and M is a function de ned as:
M(t; k)= E 1+, J1:Std 7+, 01 ; 8 (1)&0 k2R (5.9)

where E 1+ . j 1t and Std +4+ .j 7 represent the conditional mean and standard deviation of
volatility at horizon | given 1. In other words, the cost associated with an estimator " given
the true -vector < is a function of the prediction error in the mean and standard deviation of
volatility for time horizons T + 1;::;;T + , induced by this choice of -estimator. This cost is
in uenced by the form of C, which will be speci ed in section 5.2.3. Irrespective of the speci c
form of C and within the previously established framework, the Bayes estimator of 1 under the
posterior measure  is a solution to the following optimization program:
X h i

argmin ck E, C M(r; k);M(AT; K) (5.10)

“r2R2NH9 oy
The objective of the estimation method introduced in this chapter, which will be presented in
section 5.3, is to nd an approximate solution to this optimization problem.

5.2.3 The loss function: a sum of proxy divergence measures

As mentioned in section 5.2.2, the choice of the loss function is crucial as it implicitly encodes
preferences regarding estimation errors. The mean squared error (MSE) is commonly used as a
loss function in forecasting problems due to its simplicity. However, although the MSE has certain
advantages, it may not be the most suitable loss function for the forecasting objective. In this case,
using the MSE would give excessive weight to situations where the expected volatility and volatility
of volatility are high compared to cases where these quantities are low. Therefore, we will employ
an ad-hoc loss function that can be interpreted as a sum of proxy divergence measures.

To do so, we use the fact that we can approximate the distribution of 14+ by a log-normal
distribution - as mentioned in section 6.2.2.1 - with parameters m( 1+ ) and s( 1+ ). Leveraging
the analytical expressions for the expectation and variance of the log-normal distribution, we can
express them as follows:

eMC T+ i ¥sC T+ %22 yar eSCT+ ) 1 @2MCrs I¥s(ra )

E T+jT T+jT

Equivalently, we can write (see details in appendix 5.B):

(0] 1
Var i
m 1+, =log E 147 0:5Iog@T—+_JT2+1A;
T+ ) T
o 1 (5.11)

Var j
s 1e, 2 =log@ Y T T A,
E 1+ 7
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wherem 14+, ands T4+, % are approximations of m( ++ ) and s( 1+ ), respectively. Further-
more, the divergence between two log-normal distributions, LN mjy;(s1)?> and LN my;(s2)? ,
can be expressed as an analytical function of my, s;, my, and s,. Speci cally, for the case of
Kullback-Leibler (KL) divergence, we have ([107]):

(M my)?+(s1)? (s2)? S2
2(52)? +log ~

DkL (P1;P2) =
where Py = LN mgy;(s1)?) and P, = LN my;(s2)? .

Considering these elements, we specify the loss function as follows*:

(@] , I1
A Xgm/\T+k Mm 1T+ +5‘IAT+k2 5T+k2 5 T4+, )
L 7 = > +log —/— X
k=1 25 T4 s T4,
I {z }
Dk (Pi;Pi)

WithPi=LN m 14,35 1+, andPi=LN m o, ;5 o,

Therefore, the loss function L can be understood as the summation of estimated KL divergences
between the predicted volatility distribution and the true volatility distribution at various time
horizons. It quanti es the discrepancy between these distributions. It is worth noting that although
the log-normal distribution is an approximation of the distribution of 1. given +, the KL
divergence Dy Pi:P; achieves its minimum value (whichisQ)whenE 14+ j1 =E 1+ j’\T

andVar 14+ j 1 =Var r4+ jAT .

HE M-RPDVM (6-vector 2)
= | 0g-normal approximation

HEEN M-RPDVM (B-vector 1)

: 5 3.0
15.0 = | 0g-normal approximation
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Volatility Volatility

Figure 5.1: Example of two volatility distributions at a one-week horizon generated from the M-
RPDV model using two di erent -vectors and their respective log-normal approximations. The
KL-divergence between the two associated distributions is equal to 4.66, while the KL-divergence
between the log-normal approximations of these distributions is equal to 3.92.

4Note that L is a loss function of the form 5.8.
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5.3 Construction of the Bayesian estimator function

Section 5.2.2 outlined the estimation problem we seek to solve, de ned by the optimization program
5.10. However, two main obstacles need to be overcome: rstly, an analytical formula for the
function M is not available, and secondly, updating the prior distribution to obtain the posterior
distribution p is a highly complex task. To address the rst issue, we will adopt a strategy similar
to that of Horvath et al. ([125]), which compensates for the lack of an analytical formula for the
option price by using "a neural network that maps parameters of a stochastic model to pricing
functions" in their calibration process. In a comparable fashion, we introduce in section 5.3.1 an
estimator for the function M in the form of an NN that maps ( t; ) to the conditional mean
and standard deviationE 14+ j + and Std +t+ j + . We will use this proxy of M to calibrate a
second NN that will play the role of a Bayesian estimator function. Therefore, the objective of this
second NN, the architecture of which will be detailed in section 5.3.2, is to provide, for any D, a
proxy for the Bayesian estimator of 1, i.e., an approximate solution to the optimization program
5.10. Section 5.3.3 will detail an estimation procedure followed to achieve this situation, a method
that circumvents the challenge of estimating the posterior distribution p directly by indirectly
addressing the original problem, solving a related problem under the prior measure

5.3.1 The neural network as a proxy for function M

The initial stage in constructing the estimator function involves developing an estimator for the
function M, denoted as M. This estimator maps ( ; ) to the conditional momentsE ++ j + and
Std 1+ j 1 . The objective is for M to approximate M forall : (t)6&0and 2 ;::; ,, as
expressed by the approximation

M(1;) M(1;) and rM(1;) rM(T;): (5.12)

The objective is for M not only to be a good approximation of the function M, but also for the
gradient of M to be approximately equal to the gradientof M forall : ()& 0and 2 4;: p.
This property (rM( t; ) rM( 1; )) is crucial in the role that M will play in learning the
estimator of the -vector. To achieve this, M will be implemented as a neural network (NN) with
a specialized and tailored architecture designed for this task. In this section, we will provide a
detailed description of the adopted network architecture.

5.3.1.1 General structure of the network

As mentioned earlier, the architecture of M is speci cally adapted to ensure that the gradient
passed to the estimator neural network contains informative information about the implications
of the chosen -vector in moment predictions. This choice is motivated by the observation that a
more standard network structure often results in a tted NN that is primarily sensitive to state
vectors Ry and Ry, thus missing the main purpose of M. In order to address this issue and satisfy
the requirements described in equations 5.12, M adopts an architecture schematized in gure 5.2.
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Firstly, the neural network (NN) consists of 2 distinct input layers: the rst layer receives the

-vectors and thus has 9 + 2n input neurons, while the second layer has a dimension of 1 to specify
the temporal horizon for which the conditional moments are to be computed. These 2 input layers
feed several subregions of the network, which can be segmented into 2 main components. The rst
component is responsible for estimating E[ 14 j 1], while the second component is tasked with
estimating Std[ t+ j T]-

oy . ERuT+iT
W, ubnetwork 1
W( L 2) E T+j T
1, 2 Wz Subnetwork 2 [ J
E R+t o 1. 2
Input T
I nput Subnetwork 3 Std Ryr+ j 7 Ly
Subnetwork 4 Std 14T
gtd pRZ;T+ J
Subnetwork 5 | @ I
"Ryt+ ;s R+

Figure 5.2: The architecture of the neural network M.

5.3.1.2 The part of the network responsible for estimating E[ v+ | 7]

The part of the network responsible for predicting E[ 1+ j 1] utilizes the fact that this expectation
can be expressed as follows:

] : P—
E[ t+j1]= o+ 1ERut+j1t + 2E RogsijrT (5.13)

The approach is to estimate E R;.7+ j v and E pRz;T+ j T more precisely, E pRz;T+ T 2
separately using two parallel subnetworks: subnetworks 1 and 2 as depicted in gure 5.2.

Equation 5.13 is then used to calculate an estimation of E[ 14 j t]. These subnetworks each consist
of 6 hidden layers, with the rst 5 layers containing 100 ReLU neurons each, and the nal layer
consisting of 20 linear neurons. The last hidden layer connects to an output layer with a single
neuron (each subnetwork has its own output neuron/layer), which receives input from the two input
layers associated with + and , as well as from a function that computes the vectors W; and W5
from 1.
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Hidden Layers

Subnetwork 1 Subnetwork 1

{ Output

yR1T i Wq
0y 1: 2
yRo:1; Wo
2
Hidden Layers Output
Subnetwork 2 Subnetwork 2

Figure 5.3: The part of the network M responsible for estimating E[ ++ j 1].

The activation function associated with this output neuron is of the form:

X b8

Ei SRimWiixp = wjie ' Ryt + 1oe % Xy (5.14)
| {z } }
@ @

where x; is the output vector of the last hidden layer associated with subnetwork j. The exponential
weights gk ; , ,o are de ned as follows:

L

60 k 1) (5.15)

1 . log(100) log

9 =exp log 7555 20 1

The speci ¢ form of this activation function is particularly suited to its objective in view of the
analytical expressions of E Ry.t+ j v and E ~ Ra.r+ j v . First of all, when =0,

E1 O;Rit;Wi;x;s =Ryx and E; 0;Ra;W2;X2 = Rax:

Thus, vectors X; have no impact on the calculation since we use the analytical formulas for Ry
and Rzt which are -measurable. On the other hand, when = 1, the term (1) in equation 5.13
becomes zero, and we have

3 xR
Er LRuWiixe =  xpe and Bz 1;RpWaiXe = Xous
k=1 k=1
which can be respectively interpreted as the estimated asymptotic value of the expectation of
R, and the squared estimated asymptotic value of the expectation of = R,. Besides these polar
cases, component (2) aims to estimate clearly identi ed variables. For the network responsible for
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estimating E Ri.t+ j T , the objective is that for all

3 _ x )
1 e % xix  E[Ru7+j 7] tiwsie ' Ryt
k=1 5 i=1
Z1e X dP
= E4 1;iW1;i€ wi(+ W 4 1Rl;i;udu T5
T e Pu
21+ dpP *
=E Rl(T + U) u 1R1;udu T
T u

For the network responsible for estimating E pRz;T+ j T , the objective is that for all °:

X . P . X ,
1 e % xox ERyr+] Var © Ra7+ ] 2iWz2i€ ' Rt
k=1 5 i=1 3
z T+ XK pi
=g4 2iWgie T W Zdu Rpiudu 75 Var T Rora ot
T i=1
z T+ # pi
=E Rz(T + u) Sdu sz;i;udu T Var RZ;T+ T
T

These output layers of the two sub-networks thus produce an estimation of E Ry.t+ j v and
E " Rat+ ) T ,respectively, which feed into a global output neuron of the network M: the neuron

whose output is the estimator E[ 14 j t]. This neuron, also fed by the input layer associated with
T, then computes the estimator of E[ 14 j 1] using the analytical formula 5.13:

q
Bl v 1= o+ 1BE1+ 2 E; + (5.16)

with E; the output of the sub-network 1 and E, the output of the sub-network 2.

5.3.1.3 The part of the network responsible for estimating Std[ t+ j 7]

The part of the network responsible for predicting Std Ry.t+ j v ;Std[ 1+ j 7] uses the fact that
the variance is equal to (see appendix 5.D.3):

. A P—
Var[ 1+ j 11=( 1Std[Ry7+ j 1)?+ oStd Rors 7

. p__ P
+2 1 oStd[Ry7+ j 7IStd * Ror+ 1 RuT+ 5 Rar+ 715

(5.17)

where Rit+; Rot+ 71 isthecorrelation between Ri.t4+ and pRz;T+ given . Similar to
the branch of M responsible for estimating E[ 1+ j 7], the objective is to estimate Std[Ry.1+ j 11;

S|t arises from the relationship:

hqg i hqg i, hqg i hg i
Var Rot+jT =ERyt+jT E Ro7+j7T - E Ro7+j71 =ER27+jT Var Rog+j71:
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Std pm t,and Rpt+; Rat+ T using 3 parallel sub-networks assigned to each of
these components. These 3 sub-networks are each composed of 6 hidden layers, with the rst layer
being fed by the input layer 1. The rst5 layers of each sub-network consist of 100 ReLU neurons.
The last hidden layer is composed of linear neurons, with 3 neurons for sub-networks 3 and 4, which
are responsible for estimating Std[R;.t+ j ] and Std pRZ;T T , respectively, and 21 neurons
for the 5th sub-network responsible for estimating the correlation Rit+ ; Rat+ T . The
last hidden layer of each sub-network feeds an output neuron, which also receives input from the
layer.

Hidden Layers X3 Output
Subnetwork 3 Subnetwork 3

Hidden Layers
Subnetwork 4

\ Hidden Layers | X5 ‘ Output

Subnetwork 5 ‘ Subnetwork 5

Output
Subnetwork 4

Figure 5.4: The part of the network M responsible for estimating Std[ ¢+ j t].

For sub-networks 3 and 4, the output neuron is associated with an activation function of the
following form:
O 11

$i (%) = exp @x;.1 + max(xj.2; ) log T 05,

where is a positive constant close to zero. The choice of this activation function is motivated by
the fact that, due to the properties of the RPDV model, the logarithms of the respective standard
deviations of R; and ~ R, for the considered time horizons approximately follow a relationship of
the form:

8td (Rjr+ ) Jjr  expa+b log() ;

where b is positive. In the chosen activation function, log ( ) is replaced with log =(1+ Xxjz )

to potentially capture concavity of the relationship for certain -vectors. Additionally, it is also

interesting to note that this function ensures that the estimated standard deviations are zero when
= 0, consistent with the fact that R;.t+ and R,.1 are -measurable.
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For subnetwork 5 responsible for estimating the correlation between R;.t+ and pRz;n given
T, the output neuron is associated with the following activation function;

(@) 1
3K
NCy) = min@2; xs.q + 1 e % x5 A 1L
k=2

This activation function ensures that the output range is limited to the interval [ 1;1], which is
suitable for estimating a correlation. Furthermore, the instantaneous correlation and the asymptotic
correlation between R; and pFTz conditioned on  are given by:

(0} 1

3
NO; X5) = min 2; Xs:1 1 and "~(d;xs)=min @2; Xs5:1 + x5;kA 1:
k=2

Each output layer of subnetworks 3, 4, and 5 feeds the output neuron of M responsible for estimating
Std[ 1+ j T]- This output neuron, also fed by the input layer -, is associated with the following
activation function using the analytical expression 5.17:

q

Std[ 1+ j 7]1= 151 2+ 2S5, 242 1 28157

with $1;82 and ~ being the respective outputs of sub-networks 1, 2, and 3.

5.3.2 The estimator function

As mentioned in the introduction of section 5.3, the purpose of the function M de ned in section
5.3.1 is to assist in the training of a second neural network, the estimator function , which is
responsible for estimating the Bayes estimator of 1 from a data matrix D under the posterior
measure p. The objective is to construct an estimator function  that satis es the following
criterion:

h i h N i

s L T1; (D) mntE_,L ;v ; 8D: (D)&O: (5.18)

T

E

Therefore, the architecture of  should be designed to extract all relevant information contained
in D in order to achieve the stated objective. To this end, take the following general form:

D =NN ED ;

where NN is a neural network and E is a time-series encoder generally de ned by:
o 1

':: §; (5.19)
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with ng the number of features extract by E. The estimator function rst encodes with E the raw
data matrix D into a feature vector that is used as input for a neural network NN to predict the

-vector. The sections 5.3.2.1 and 5.3.2.2 provide a detailed description of the structure of these
two components that form

5.3.2.1 Dual encoder structure: combining non-trainable and trainable methods

The role of the encoder E is to extract informative features from D for estimating 1. Given the
variety of methods available for encoding time series, E can take di erent forms. These methods,
found in the academic literature, include transforming time series into pattern variables ([131],
[194]), imaging time series ([196], [21]), or using signature methods ([158]). Depending on the
chosen method, the encoding can be predetermined, meaning that features are extracted using a

xed method determined in advance, or it can be learned during the training process, allowing the
encoder to adapt to the speci c data characteristics. In this work, the encoder E combines both
approaches by incorporating a non-trainable component and a trainable component. The aim is to
leverage prior knowledge of the process by extracting informative metrics using the non-trainable
component, while complementing them with the trainable component of the encoder.

5.3.2.1.1 The non-trainable encoder

The non-trainable component of the encoder E, denoted as E;, is a pre-determined method that
extracts informative metrics from D for determining the -vector. Speci cally, E; computes the
following features from D:

The serial correlation of the log realized volatility for the following lag times expressed in
trading days: 1, 2, 3, 4, 5, 10, 20, 60, 125, 252.

The mean of the absolute value of realized log-volatility increments over the following time
intervals in trading days: 1, 2, 3, 4, 5, 10, 20, 60, 125, 252.

The rst four moments of the distribution of returns and realized volatility for the time
horizons of 1, 5, 21, 63, 252 expressed in trading days.

The 20 percentiles of the distribution of returns and of the realized volatility for the time
horizons of 1, 5, 21, 63, 252 expressed in trading days.

The linear regression coe cient between the volatility increments and the returns for the
following lag times expressed in trading days: 1, 2, 3, 4, 5, 10, 20, 60, 125, 252.

The standardized exponential moving averages of returns, realized volatility, and realized
variance, which are de ned respectively as

P P P
N rye D% N~ et Do N ~2et Dy
J— s i . Jp— 5 i . — i .
Mmy;j = N —» Mzj = N — . Mz;j = N .
i=1 e(tl t)gj i=1 e(tl t)gj i=1 e(tl t)gj

where gj 2 gk ; . ,o and their values are de ned in equation 5.15 (section 5.3.1.2).
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The metrics computed by E; are diverse, allowing for a multifaceted approach to the data in D.
These metrics, along with those from the trainable component of the encoder E, will be used as
inputs to the NN network.

5.3.2.1.2 The trainable encoder

The trainable component of E, denoted as E;, aims to complement the metrics calculated by Ej,
adopting a more agnostic approach. It consists of a convolutional neural network (CNN) with a
structure similar to that of a multi-scale CNN (MCNN) proposed by Cui et al. ([79]). The input
layer of E, takes the raw data matrix D as input and feeds it into four branches. The rst layer of
each branch is associated with a function de ned as:

o 1
Pt +
Pltl : “Ttatial  Ttastia] Ttih Tt
A D;l =§ i i §; (5.20)
P.
Ptit’;‘ ~[t1:t1+l] r[tN 1'ta] “tn Ttno o
where
Y—
_ %1 X 2 d _ Pti+| Pti .
TTtictiv] — 1 Tt an Mtitia] = P,
k=1 ti
A D1 Convolutional Average pooling
’ layer 1 layer 1
A D5 Convolutional Average pooling
' layer 2 layer 2
Concatenate
layer
A D21 Convolutional Average pooling
’ layer 3 layer 3
A D:63 Convolutional Average pooling
’ layer 4 layer 4

Figure 5.5: The architecture of the encoder E,.

This function transforms the original N

2 matrix intoa (N I) 4 matrix. The

rst column

represents the normalized price with respect to the date t;. The second column corresponds to the
integrated volatility over a time window of | trading days, while the third column denotes the asset
return over the same time window. The fourth column captures the variation of volatility over the
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I-day period. For branches 1, 2, 3, and 4, the time window parameter | is xed at 1, 5, 21, and 63,
respectively. This choice allows for the augmentation of the original matrix D with two additional
columns and captures important information at di erent time scales using multiple | values. Each
augmented matrix is processed by a convolutional layer followed by an average pooling layer for
each of the four branches. Each convolutional layer consists of 50 Iters of size 5 4, with a stride
of 1. The pooling layers perform global average pooling for each Itered time series. The outputs
of the four pooling layers associated with the branches of E; are nally attened and concatenated
with the output of E;. This combined output is then used as input to NN .

5.3.2.2 The network NN: from encoded data to -vector

The NN network is responsible for predicting the Bayesian estimator of the -vector using the
feature vector provided by the encoder E. To accomplish this, NN proceeds sequentially by rst
estimating the 9 parameters of the model and then, in a second step, estimating the state variables.
These two operations are performed by two separate multilayer perceptrons (MLPs): NN 1, which
is responsible for estimating , and N N, which is responsible for estimating Rt.

To begin with, the input layer of N N ; is fed by the output of E, which results in ng input neurons.
This is followed by 6 ReLU layers, each with 100 neurons. The last ReLU layer feeds into the output
layer, which consists of 9 neurons that correspond to the parameters to be predicted. The output
neuron responsible for estimating 1 is associated with an inverted ReL U activation function, while
the other output neurons are associated with a standard ReLU. The output layer of NN, is then
fed into the network NN ,, as well as into the output layer of NN (and therefore the output layer
of ), where it is concatenated with the output of the N N, network.

E{(D
E1(D) 1®)

E2(D)

E2(D)

E2(D)

NN E(D)
Figure 5.6: The architecture of the estimator function
The MLP NN, receives as input both the output of E and the output of NN, which results in

neg + 9 input neurons. Like the input layer of NN 1, the input layer of NN ; is followed by 6 ReLU
layers, each with 100 neurons. Finally, the output layer of NN, consists of 2n linear neurons,
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representing the 2n state variables. This output layer feeds into the output layer of NN, where it
is concatenated with the output of the NN, network.

5.3.3 The estimation procedure

This section presents an estimation approach for the RPDV maodel, utilizing the functions M and
introduced in sections 5.3.1 and 5.3.2, respectively. This method can be divided into three phases:
the generation of training data, the training of M, and the training of . These three steps are
subsequently described in this section. At the end of this procedure, can be used as an estimator
function for the -vectors.

5.3.3.1 Generation of initial data

To calibrate the functions M and , it is necessary to generate training sets. This process involves
de ning the method for generating the -vectors, which is equivalent to establishing the prior
measure . We will then outline the di erent steps involved in constructing the training sets for
M and

5.3.3.1.1 De ning the prior measure

The estimation procedure requires de ning the prior measure . The speci cation of this measure
incorporates prior knowledge about the parameters, even if this knowledge is vague. By constraining
the parameter space, it is likely to increase the estimation quality without overly restricting the
range of possible values. The idea is therefore to propose a generation procedure for parameter

-vectors that exploits prior knowledge about price and volatility dynamics, without excessively
constraining the parameter space.

In this context, certain coordinates of the random vector 1 are assumed to be independent random
variables, while others exhibit a correlation structure. Speci cally, the parameters o; 1; 2; 1; 2
are distributed independently, as follows:

(o0 15 20 15 2) U(0;0:25) U(0;1) U(0;1) U(0;5 U(0;5) U(0;0:15):

Regarding the risk premia, their generation is slightly more complex. Firstly, the value of the price
drift 1 ¢+ 2( ¢)? is generated when the volatility is equal to 15% ( ¢ = 0:15) as follows:

U (0;0:1):

In other words, under the measure , the price drift ranges from 0 to 10% when the volatility level
is 15%. Then, there is a % probability that ; = gzz and > =0, a % probability that ; =0 and
2 = 5152, and a  probability that

0:15 ;|

1 U@l o=z 2= 0152

0:15
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Therefore, there is an equal probability of having a pure volatility premium, a pure variance pre-
mium, or a mixture of both. The last two remaining parameters are ; and . In both cases, it
makes sense to consider the speci city of the kernel associated with the variables for which ; and
2 determine the volatility sensitivity. With respect to i, it is generated as follows:
(0} 1 o5
1 U( 1:50) @ 7 WLk vi 1k A

i=1k=1 LT LK

The term that weights U( 1:5;0) is the inverse of the asymptotic standard deviation of the BSS
process associated with the kernel K, (see appendix 5.D.2). This weighting allows for the generation
of reasonable values of 1 given ;. Similarly, the parameter , is generated as follows:

2 I n(o;l) :

i=1 W2ii

The term that weights U(0; 1) corresponds to the inverse of the integral over R of the kernel K,
(see appendix 5.D.1). This weighting prevents volatility from exploding regardless of the value of

2.

Next, we de ne how the state variables f(R1)jgj—; and f(Rz);jgj, are generated. The approach
consists of three steps. The rst step is the initialization of the state variables. The state variables
f(R1)j0j=, are simply initialized to zero, and the state variables f(R2);gj, are initialized as follows:

(Rz0)i  ( 0)* U(0:9;1:1):

From these initial values and the associated parameter vector, a simulation of the volatility dynamics
is performed over a period of 5 years. Finally, the values of the state variables at the end of this
simulation are retained. However, the -vector is retained if and onIYDif the initial value of the
volatility is positive and lower than 300%, i.e., if0< o+ 1Ri7+ 2 Rat <3

5.3.3.1.2 Constructing training sets

The objective is to generate data samples

n (o]
D, T, E1;T+ K? E2;T+ kysl;T+ kaSZ;T+ k' T+ k k=1

where D is a data matrix of the form 5.5 (section 6.2.2.1) generated from the generator 5.4

(section 5.2.1.2), 1 is the value taken by the -vector at the end of the simulation of D, and

where Ex:y+ ;;S1;7+, and 14+, are unbiased estimators of E[Rx:t+ j 7], Std[Rk;1+ j 7] and
RiTt+; RaT+]j T , respectively. To do this, we use the following algorithm.
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Algorithm 1 Procedure for generating training sets.

Require: ;ng;ny

n o
1. Generate an i.i.d. sample = t(;) from the distribution
1 i np

n ]
2. Generate from , and model 5.4 the pairs D®; & L
I Np

3. Generate n, time series over the periods T + q;::;T ; p using model 5.4 for each 2

n o o
Q) . _ (k) .G P
, and extract from each series the sets = R>. 'R, .
T 1 Ny R LT+ 2T+ kg 1 ny
1j n2
n ) ) ) . Op
4. Computeset E(y, ESY, S, s, O ] from sample set  g.
' ' ’ ’ =1 3 in

n
b, @ O @ e® e . ®

return DO % Bty GBore St iSame b Tew P o1
1 Ny

This data generation procedure aligns with the adopted Bayesian approach. The set of i.i.d. matri-
ces D® 10 is generated from initial vectors g) 10y sampled from the prior distribution

, which incorporates vague knowledge about the model parameters. In this chapter, we specify
n; = 200 000 and n, = 200. The large value chosen for n; ensures good coverage of the param-
eter and state variable space. As for ny, its value allows for empirical moment estimators with
reasonable variance on average.
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T 035
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o\ /I:l::\j.v"' 1
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Figure 5.7: The left gure plots a historical trajectory of realized joint price and volatility of an
asset over 1260 trading days contained in a matrix D®, generated from the initial -vector value
é'). The right gure represents 5 continuations of this trajectory over 252 trading days generated

from 5260.
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5.3.3.2 The training of M

The second phase of the general procedure involves training M using the datasets generated in
section 5.3.3.1. The method to be proposed for this purpose is derived from the following proposition
proved in appendix 5.C.1.

1O
€Y (n1) P W O B i
Mri . 1 Mt Lie a sequence of sets such as 8 i;k; My _ is an unbiased es-

timator of M Q); « calculated from a sample of size n,. If it exists M?, such as M?( 1; ¥) =
M(T1;k);8 7. (7)&0and 2T 1;:5; pg, thus 8 M? solution to

Rroposigion 1 Lgt be . .... %”1) a sequence of i.i.d. random variable following , and

1 XX ] . 2
arg min — MmO MO o
™M L 2

M2(; W)=M(1; k)8 7: (1)60and 2 F ;i pg-

Therefore, this proposition implies a way to make M a convergent estimator of M, under suitable
conditions of existence, for the time horizons i;::; p and the -vectors associated with a non-
zero probability under the measure . It simply involves minimizing the mean squared di erence
between the estimators returned by M and the unbiased estimator M for each pair  @; & in
the training set. This minimization constitutes the second step of algorithm 2, which we propose
for training M.

Algorithm 2 Training procedure for M

n
S (). 0) =) N0 0! . (D)
Require: 7 El:T+j’E2iT+j’SllT+j’SZZT+j’ T+i 1k p 10 ng
1. Optimize
o XX - 2 - - 2 . . 2
arg min I’T A'(l'li' K '(l'l?" 3 + éj(l')r'" 3 EJ(?'"' K + §J(?'+ 3 SJ(I%"' K
M b=t k=1 j=1
2. Optimize
1 XX . . 2
arg min — M P o mE L
Mo M 2

starting from the training of M obtained at the end of step 1.

return M?

The rst step of the procedure serves only to prepare for the second (and nal) step of the training
of M. It involves independently training the ve subnetworks that compose M (see gure 5.2).
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The objective by the end of step 1 is as follows:

h i h i
- _ . p - .
éj(?—+ K Eh(Rj;T+ P $) ; é\J('%Jr . Std Rjr+ #') and
. I |
“#'l . Rit+ o RoT+ Q) :

8 fi; kg. In this rst phase, the training of M is conducted to align with the speci c role of each of
the 5 subnetworks within it. This rst phase, which frames the outputs of the subnetworks in M,
is followed by step 2, which is aimed at achieving the objective 5.12 stated in the introduction of
section 5.3.1. As previously mentioned, according to proposition 5.3.3.2, under suitable conditions
of existence, as n; and n, approach in nity, solving the optimization problem associated with step
2 involves nding MI? such that:

M?(; K )=M(7;k);8 10 (7)60 and «2F 15 o0

The assumption of the existence of M? is related to the exibility of the network M in approx-
imating the function M. Moreover, the reasonableness of this assumption is guaranteed by the
structure of the subnetworks that constitute M, which can approximate any continuous function
due to the universal approximation theorem ([124]).

5.3.3.3 The training of

The third and nal step of the estimation process involves training  to achieve the desired situation

described in 5.18 at the beginning of section 5.3.2. The consistency of the method to be proposed in

this section for this purpose stems from the following proposition demonstrated in appendix 5.C.2.

Proposition 2 Let 831); =5 g’l;l) be a sequence of i.i.d. random variables following , D®; :::; D(M)

a set of time-series such that DM is generated from the M-RPDV associated with the -vector g)

and ;0 (M2 the set of values taken by  at time ty for each time series D®. If there exists
? such that for all D : P (D) & 0%, ?(D) is a Bayes estimator of 1 under the posterior measure
, then for any "2 solution to the optimization problem

o1 X i i
argmin lim_ — L &P p®
ny ¥+1 nl i=1

"?(D) is a Bayes estimator of t under the posterior measure p;8 D:P (D) & 0.

This proposition, therefore, has signi cant implications as it provides a way to calibrate , such
that asymptotically and under a suitable existence condition, (D) becomes a Bayesian estimator
of 1 under the posterior measure p, for all D : P (D) & 0. This result is even more remark-
able considering that the estimation method does not require explicit calculation of the posterior
measures (i.e., the measure  updated by a matrix D) at any point. Indeed, it simply involves

6p  denotes the distribution of D induced by
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n Ne)

following steps 1 and 2 of algorithm 5.4.1.1) to generate a set of pairs D®; , and then
10 np )

minimizing the average losses measured by L between the -vectors predicted by i.e. DO and

the true -vectors (i.e. %')). However, since L depends on the function M, which is not known, we

use the following proxy that replaces M with M:

L P b® = c¢cw™m Pw;Mm DO
k=1

The idea is that after training M (algorithm2), M( t; ) M(t; )andrM(1; ) rM(T; ),
and therefore:

O po L O p® and rit O p® ro O, p®

Consequently, the quality of the approximation of the function M by M is crucial in the training
of . Regarding the assumption of the existence of ? on which proposition 5.3.3.3 relies, its
reasonableness depends on both the encoder’s ability to extract all relevant information contained
in the time series D and the plasticity of the networks NN ; and N N ;.

Based on these elements, the training of is carried out using the following algorithm.

Algorithm 3 Learning procedure for the estimator function

n (_)U
Tra- i. @
Require: D®; {

1 i ng
1. Optimize
1 X : o2
arg min — NN, E DD (OR
Eo; NN1 M1, 2
2. Optimize
. 2
arg min — NN, E D® ; ® RO .
NN 1._
i=1
3. Optimize
1 X : : : 2
arg min — M O:NN, DO 0 M @0
NN 1y
4. Optimize
1
L1 XX Q) 0)
arg min — C M 5k M DY«
N1 o1 k=1
return "7
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The rst three learning steps for sub-regions of the network that constitutes in practice serve
only to prepare for the fourth and nal step, which is directly derived from proposition 5.3.3.3.
In the rst phase, only the components of the network responsible for predicting the parameter
vector , i.e., the trainable encoder E, and the neural network NN 1, are trained. The aim is to
guide the learning of initially by minimizing the sum of squared di erences between predicted
and actual parameter vectors, thereby obtaining parameters consistent with the prior measure
Next, the neural network N N , responsible for predicting the state variable vector R is trained. The
calibration of NN uses the encoder E tted during phase 1 and actual parameter vectors, rather
than those estimated by N N ;. This approach allows for a more focused learning of the relationship
between data and the vector of state variables to be predicted, without introducing any bias caused
by estimation errors in NN ;. The rst three steps of the algorithm described previously are not
important in themselves, but serve only to prepare for the nal learning step of . This nal step
aims to achieve the objective de ned in the introduction of section 5.3.2, namely that returns an
estimator of + that is close (in terms of expected loss measured by L) to its Bayesian estimator
under the posterior measure. The consistency of the optimization program solved in this step with
this objective is established by the following proposition proved in the appendix 5.C.2.

5.4 Assessment of the estimation method

The purpose of this section is to evaluate the estimator function de ned in section 5.3. For this
purpose, we perform various tests, starting with synthetic data and then moving on to market data.

5.4.1 Evaluation of estimation method using synthetic data

In this section, the objective is to evaluate the estimation method presented in section 5.3 using
synthetic data. We start by assessing the accuracy of the moment estimator M in approximating
the function M. Next, we evaluate the e ectiveness of the estimator function  in providing
consistent estimates of the -vector that align with our forecasting objectives.

5.4.1.1 Test dataset and evaluation metrics

The test dataset is generated using algorithm , as introduced in section 5.3.3.1.2, with parameters
n; = 10000 and n, = 1000. Hence, we have the following elements that will be used to construct
the test datasets:
@. M n 0]

D®; I My :
"X 1 kP o4 10000
The choice of n, = 1000 in Algorithm 1 allows us to consider Mﬂ . as reasonably accurate
estimators of M $); . This consistency enables us to use them as targeted values for comparison
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with the predicted values generated by M {; and M D®;

The evaluation of the estimated conditional moments ¥ with the targeted conditional moment
values y; will be conducted using the following metrics:

The root mean squared error(RMSE)

Sp
Ny 2
RMSE= =t 7' .
N
The mean absolute error (MAE)
P,
MAE = =t 2“1
N
The mean absolute percentage error (MAPE)
F)
MAPE = i :1:11 Yi 9i
Ny Yi
The coe cient of determination
P
P2 =1 (i B2 _
- P, , P 2:
i=1 Yi qa; i=Yi

The use of these di erent metrics allows for evaluating, from di erent angles, the moment estima-
tors. RMSE is a classic metric that measures the di erence between predicted and actual values,
while taking into account the variance of errors. MAE, on the other hand, measures the average of
absolute errors, providing an indication of the overall accuracy of the estimation. MAPE has the
advantage of comparing the performance of the estimation, taking into account the heterogeneity
of the magnitudes of the moments. Finally, the coe cient of determination r? measures the overall
adequacy of the model by providing an indication of the proportion of variance explained by the
model.

5.4.1.2 Evaluation of the ability of M to approximate M

We aim to evaluate how closely M approximates M. To do so, we compare the estimators
M 1 1=E T+J7 and M 1; 2=étd T+ 1T

with the corresponding empirical estimators calculated from a sample of volatility trajectories using
1. This comparison is performed using the test dataset

n ®. pg (D
1 1

T T+ K . ’
1§ 10000 ; y 5
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which is extracted from the synthetic data de ned in section 5.4.1.1. The results obtained are
reported in tables 5.1 and 5.2.

=1 =5 =21 =42 =63
RMSE | 0.0055 0.0069 0.0095 0.0090 0.0100
MAE | 0.0029 0.0035 0.0043 0.0045 0.0049
MAPE | 0.0270 0.0325 0.0391 0.0421 0.0453
R-Squared | 0.9958 0.9920 0.9832 0.9842 0.9800

Table 5.1: Evaluation metrics for the estimation of E[ 1+ j t] by M.

=1 =5 =21 =42 =63
RMSE 0.0258 0.0279 0.0297 0.0310 0.0353
MAE 0.0107 0.0105 0.0122 0.0131 0.0141
MAPE 0.1081 0.0965 0.1046 0.1102 0.1143
R-Squared | 0.9010 0.8887 0.8742 0.8675 0.8359

Table 5.2: Evaluation metrics for the estimation of Std[ 1+ j t] by M.

The obtained results demonstrate that M provides a reliable approximation of M across di erent
time horizons. When estimating E[ 1+ j 1], the evaluation metrics indicate a signi cant agreement
with the empirical estimators in terms of both absolute and relative deviation. For example, the
MAE falls within the range of 0.0029 to 0.0049 for various time horizons , indicating that, on
average, the estimated values of E[ ++ j 1] provided by M deviate from the empirical estimator
by less than 0.005 units. Additionally, the MAPE metric reveals that the average absolute deviation
between these two estimators ranges from 2.7% to 4.5% in relative terms, which is notably low.
Furthermore, the consistently high R-squared values exceeding 98% con rm the excellent quality
of approximation for the conditional expectation by M.

The same observation applies to the estimation of the conditional standard deviations Std[ t+ j 1],
albeit with some nuances. The evaluation metrics demonstrate a signi cant agreement between M
and the empirical estimators, indicating a reliable approximation of Std[ 14+ j 1] for the di erent
time horizons. However, it is worth noting that the deviation between these estimators is signif-
icantly larger compared to the estimation of E[ 1+ ¢j 1]. Speci cally, we observe that the MAE
ranges from 0.0107 to 0.0141 for di erent values of , suggesting that, on average, the estimated
values provided by M deviate from the empirical estimator by less than 0.015 units. In terms of
the MAPE, the average absolute deviation between the estimators ranges from 9.65% to 11.43% in
relative terms. Moreover, the R-squared values for Std[ ++ j 1] range from 83.59% to 90.10%, indi-
cating a relatively high concordance between M and the empirical estimators, but lower compared
to the estimation of E[ v+ j T].

128



Conditional Means Conditional Standard Deviations

* Sample mean # Sample standard deviation *
o10| — Mean predicted by M 0.12 | — Standard dev. predicted by M
0.10
0.09
= =
- 0.08
) S
w
+ g
& o.08 S 0.06
w &
0.04
0.07 0 w, *_x %
% T L 0.02
x % 9‘ ® ™ "
® = ﬁ‘x X xu¥, Xge
® 0.00
0.06
0 10 20 30 40 50 60 0] 10 20 30 40 50 60
& in trading days 6 in trading days

Figure 5.8: Example of estimated conditional means and standard deviations by M compared to
sample conditional estimators.

However, this discrepancy does not necessarily imply a lower quality of estimation for Std[ 14+ ¢ T].
In fact, it can be mainly attributed to the higher variance of the empirical estimator used for
estimating the standard deviations. This higher variance is illustrated by the example exhibited
in gure 5.8, where the absolute percentage error for the 51 trading days horizon is greater than
50%. However, by replicating the experiment with 20 000 simulations, this absolute error decreases
signi cantly to less than 2%. This suggests that the observed residuals are primarily due to the
higher variance of the empirical estimators used rather than a misestimation of M.

5.4.1.3 Assessment of the estimator function
5.4.1.3.1 Evaluation based on conditional moments

To evaluate the performance of the estimator function , we compare in this section the following

estimators:
M D®; =£ jp® ad M DP;  =8td . jDP ;

using two types of moment estimators: the empirical estimators already used in section 5.4.1.2, and
the estimators computed from M using the actual -vectors.

To begin the evaluation, we use the following test dataset, where the targeted values are the sample

moments:

n .
D®: MmO :
Tk 1§ 10000 ; s

The results obtained from this evaluation are presented in tables 5.3 and 5.4.
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=1 =5 =21 =42 =63
RMSE | 0.0147 0.0129 0.0128 0.0122 0.0129
MAE | 0.0083 0.0076 0.0074 0.0075 0.0077
MAPE | 0.0904 0.0799 0.0753 0.0747 0.0761
R-Squared | 0.9705 0.9725 0.9696 0.9705 0.9662

Table 5.3: Evaluation metrics comparing M D; ,and My, ..

=1 =5 =21 =42 =63
RMSE 0.0355 0.0368 0.0373 0.0400 0.0476
MAE 0.0156 0.0155 0.0165 0.0175 0.0185
MAPE 0.1857 0.1655 0.1610 0.1634 0.1655
R-Squared | 0.8007 0.7944 0.7891 0.7688 0.7048

Table 5.4: Evaluation metrics comparing M D; ,and My, ,.

A st observation is that, consistently, the cost metrics are higher and the R-squared values are
lower compared to the case studied in section 5.4.1.2, where the -vectors are known. However, the
observed di erence, although signi cant, remains relatively moderate, which suggests the quality
of the estimation of the -vectors produced by . However, to better interpret these results,
it is important to note that this di erence tends to decrease relative to the temporal horizon.
Thus, while the MAPE between M 1; 1 and My 1 increases from 2.7% for a 1-day trading
horizon to 4.5% for a 3-month horizon (63 trading days), the MAPE between M~ D® ;  and

Mr+ decreases for the same periods from 9% to 7.6%. Similarly, the MAPE between M ; )
and Mr4 ) decreases from 10.8% for a 1-day trading horizon to 11.4% for a 3-month horizon,
compared to a decrease from 18.6% to 16.5% for the same horizons when comparing M 1; , and

Mr+ ,. A rst explanation for this phenomenon could be the decreasing signi cance of short-
term information contained in the state variables associated with higher discount factors, as it has
a diminishing impact on the conditional moments. However, these state variables are particularly
challenging to estimate due to the daily observation frequency, which explains the reduction in the
cost gaps between M D; andM +t; as increases. This phenomenon may also be partly
caused by the variance of the empirical estimator My, . To isolate the impact of estimating the

-vectors using , it is valuable to directly compare the estimator M D ; with the estimator
M +1; . Toinvestigate this further, we employ the same evaluation procedure for  as discussed

previously, but on the following test dataset:

C D
DOm0 :
1 10000 ; y 5

The resulting outcomes from this evaluation are presented in the following tables.
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=1 =5 =21 =42 =63
RMSE | 0.0128 0.0114 00113 0.0115 0.0118
MAE | 0.0078 0.0072 0.0072 0.0074 0.0077
MAPE | 0.0851 0.0763 0.0757 0.0797 0.0840
R-Squared | 0.9744 09767 0.9750 0.9729 0.9711

Table 5.5: Evaluation metrics comparing M D ; ,and M 1;

=1 =5 =21 =42 =63
RMSE 0.0209 0.0214 0.0222 0.0229 0.0235
MAE 0.0108 0.0111 0.0116 0.0121 0.0125
MAPE 0.1603 0.1492 0.1431 0.1421 0.1423
R-Squared | 0.9031 0.9034 0.9029 0.9014 0.8997

Table 5.6: Evaluation metrics comparing M~ D ; ,and M t; .
In a consistent manner, the majority of cost metrics demonstrate lower values, and the R-squared
value consistently shows higher values when using M 1;  as targeted values instead of empirical
moment estimators. Although the di erence is relatively small for conditional expectation estima-
tors, it becomes more signi cant for conditional standard deviation estimators. Speci cally, the
R-squared is 10 to 20 points lower when using M 1; , as the targeted value compared to the
sample standard deviation. This suggests that a signi cant portion of the discrepancy between
the estimator M t; 5 and the empirical estimator of the conditional standard deviation can be
attributed to the variance of the latter. In practical terms, this nding further strengthens the
notion that the future volatility distributions associated with the -vectors estimated by  closely
align with the actual future volatility distributions, not only in terms of the mean but also in terms
of the standard deviation.

5.4.1.3.2 Evaluation based on conditional distributions using the Kolmogorov-Smirnov
test

In addition to evaluating the estimator function through conditional moments, it is important to
examine the consistency between the estimated -vectors and the true -vectors in terms of the
associated conditional distributions. To address this aspect, we conduct a statistical experiment to
assess the adequacy of the estimated -vectors by

The rst step of this experiment involves estimating each -vector associated with each matrix
D® using the  method. Subsequently, we generate 100 simulations for each estimated vector,
consideringhe the p time horizons of interest to us: 1, 5, 21, 42, and 63 trading days. For each
combination of %i); ’\?) and for each time horizon, we employ the Kolmogorov-Smirnov (KS) test
to calculate the p-value between the simulated volatility sample generated from the estimated -
vector by and the sample generated from the true -vector. The p-value indicates the likelihood

of observing a discrepancy as large as or larger than the one observed, assuming both samples
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are drawn from the same distribution. By computing the proportion of non-rejection of the null
hypothesis of the KS test at di erent signi cance levels, we can evaluate the agreement between
the estimated and true -vectors regarding the underlying conditional distributions. The results of
this analysis are presented in the following table, providing valuable insights into the robustness
and reliability of the estimation procedure conducted by

=1 =5 =21 =42 =63
Proportion (%) at a signi cance level of 0.1% | 93.0 94.8 96.4 97.1 97.2
Proportion (%) at a signi cance level of 1% 84.7 884 90.2 91.9 91.9
Proportion (%) at a signi cance level of 5% 76.1  80.9 83.5 84.9 85.2
Proportion (%) at a signi cance level of 10% | 68.5  73.2 76.4 77.8 77.5

Table 5.7: Proportion of non-rejection of the null hypothesis of the KS test.

The results obtained demonstrate a high level of consistency between the conditional distributions
generated from the estimated -vectors by and those generated from the true -vectors. This
consistency is evident through signi cant proportions of non-rejection observed across di erent
signi cance levels for the various time horizons examined. Notably, even with a relatively high sig-
ni cance level of 10%, a substantial portion of the sample (ranging from 68.5% to 77.5% depending
on the time horizon) does not reject the null hypothesis, indicating a strong agreement between the
estimated and true -vectors concerning the associated conditional distributions. These ndings
emphasize the robustness and reliability of the estimation procedure performed by in capturing
the underlying future volatility distributions accurately.

Furthermore, it is interesting to note that the proportion of non-rejection of the null hypothesis
increases with the time horizon. This phenomenon can be explained by two main factors already
discussed in section 5.4.1.2. Firstly, as the time horizon increases, the data variability also increases,
leading to conditional distributions with a larger standard deviation and, consequently, a greater
acceptance of the null hypothesis. Secondly, as the time horizon grows, the signi cance of short-term
information contained in the state variables associated with higher discount factors diminishes in its
impact on the conditional distributions. However, these state variables are particularly challenging
to estimate due to the daily observation frequency.

5.4.2 Evaluation of estimation procedure using market data

The objective of the estimation procedure presented in this chapter is to make the RPDV model
a robust model for volatility prediction. The purpose of this section is therefore to evaluate the
performance of the RPDV model on real data according to this objective.

5.4.2.1 Market data sets

To evaluate the performance of  on real data, the tests conducted in this section utilize historical
data from 2000 to 2022 for ve stock indices: S&P500, Nasdaq, FTSE, DAX, and Euro Stoxx 50.
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These historical datasets consist of daily observations for each index, including its corresponding
value and the realized volatility over the day, annualized. To create the input matrices D for the
estimator , a rolling window approach is employed. Speci cally, a window of size 1260 2 is slid
with a step of 1 trading day over the 22-year historical period. This process generates the matrices
D of dimension 1260 2 that are used as inputs for the estimator . Furthermore, the prediction

horizons considered are 1, 5, 21, 42, and 63 trading days. Therefore, from a nistorical period 055544
5 4222

trading days, a total of 4222 (5544 - 1260 + 1 - 63) test pairs are obtained: D®; ~j,., ' K
i=
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Figure 5.9: Example of joint evolution of the S&P500 and its realized volatility: the rst 5 years
are real data used to estimate + from , followed by 10 simulated years using this -vector.
5.4.2.2 Comparison of model forecasts with benchmark volatility models

The objective of this section is to assess the performance of the RPDV model on market data
presented in section 5.4.2.1. For this purpose, we use as volatility forecaster, the estimator of

e =M (D), S

which we then compare with the following benchmark models from academic literature ([104],
[182]):

The autoregressive (AR) models of order 5 and 21 (with trading days frequency), which take
the following form for an order p model:
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The heterogeneous autoregressive (HAR) models introduced by Corsi ([74]) HAR

X 3K
MN=a+b ¢ 1+ t k+b3 t K
k=1 k=1

The rough fractional stochastic volatility (RFSV) model introduced by Gatheral et al. ([105])
7 1
H t1 1:5 H) 2
cos(H ) ds + G(1:5 )

Ne =exp > .
1 (€ s+1)(t s)H*05 2G(H + 05)G(2  2H)

where G(:) denotes the gamma function. In practice, we truncate the integral to 1260 trading
days and approximate it using a Riemann sum.

Each of these models is estimated using the data contained in the rst column of the matrices D,
which represents the historical realized volatility over the past 1260 trading days (approximately 5
years). The parameters of the AR and HAR models are estimated using the ordinary least squares
method, while the FSVM is estimated using the method proposed by Gatheral. The accuracy of
these di erent forecasters is evaluated by calculating the MSE between their respective forecasts
and realized volatility, using the market data considered in section 5.4.2.1.

The results presented in table 5.8 demonstrate that, in most of the cases examined, the RPDV
predictions outperform alternative models in terms of forecast accuracy. However, it is important to
note that the predictive ability of RPDV heavily relies on the speci ¢ time horizon being considered.
Speci cally, for all 1-day horizon forecasts, the MSE-based performance of RPDV is inferior to that
of the AR models or RFSV. Nevertheless, its relative performance signi cantly improves for the 5
trading days horizon, where it becomes the most accurate model in 3 out of 5 cases. Moreover, for
longer time horizons such as 1, 2, and 3 months, RPDV consistently outperforms other volatility
forecasters. In general, as the time horizon increases, RFSV forecasts tend to outperform those of
other models.

The di erential performance based on the considered time horizons could be attributed to two
di erent reasons. The rst one is the chosen model. This one is purely path-dependent, where-
as empirical data suggests that volatility dynamics are also driven by exogenous frictions ([117],
chapter 3). Additionally, the kernels associated with the variables R; and R, follow a power law,
while shifted power law kernels better t market data according to Guyon and Lekeufack ([117]).
Therefore, using a model with more exible kernels and incorporating an exogenous component
of volatility could improve the performance of the approach. The second possible cause could be
the estimation method itself. Indeed, unlike the other models considered, is trained only using
synthetic data with a constant observation time step of ﬁ of a year, whereas the real data has an
uneven observation frequency due to factors such as the presence of weekends. Thus, the empirical
observation gap between two consecutive weekdays is % of a year, and ;ﬁ of a year between

Friday and the following Monday. This bias can have a relatively strong impact on the estimation
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of volatility at a short time horizon and tends to be smoothed out as the time horizon increas-
es. Nevertheless, this is currently a limitation of the proposed estimation method that is worth
highlighting. To address this limitation, one potential approach is to incorporate a combination
of synthetic and real data in the training of . By including real data with varying observation
frequencies, the model can better adapt to the characteristics of empirical data. Additionally, in-
troducing noise or biases in the training data can enhance the robustness of the -vector estimation
and help reduce potential biases.

AR() | AR(21) | HAR | RFSV | RPDV
SPX =1 0.0030 | 0.0031 | 0.0036 | 0.0031 | 0.0033
SPX = 0.0052 | 0.0052 | 0.0052 | 0.0051 | 0.0050
SPX =21 0.0087 | 0.0083 | 0.0081 | 0.0080 | 0.0076
SPX =42 0.0106 | 0.0100 | 0.0098 | 0.0094 | 0.0087
SPX =63 0.0111 | 0.0103 | 0.0103 | 0.0099 | 0.0089
Nasdag =1 | 0.0021 | 0.0022 | 0.0027 | 0.0022 | 0.0028
Nasdag =5 | 0.0039 | 0.0040 | 0.0039 | 0.0038 | 0.0040
Nasdag =21 | 0.0064 | 0.0063 | 0.0059 | 0.0057 | 0.0058
Nasdag =42 | 0.0076 | 0.0072 | 0.0069 | 0.0066 | 0.0064
Nasdag =63 | 0.0080 | 0.0075 | 0.0073 | 0.0069 | 0.0065
FTSE =1 0.0038 | 0.0039 | 0.0042 | 0.0038 | 0.0040
FTSE =5 0.0055 | 0.0053 | 0.0053 | 0.0052 | 0.0053
FTSE =21 | 0.0086 | 0.0077 | 0.0076 | 0.0073 | 0.0074
FTSE =42 | 0.0101 | 0.0090 | 0.0088 | 0.0083 | 0.0083
FTSE =63 | 0.0107 | 0.0094 | 0.0093 | 0.0088 | 0.0086
DAX = 0.0026 | 0.0026 | 0.0031 | 0.0026 | 0.0029
DAX = 0.0045 | 0.0044 | 0.0042 | 0.0042 | 0.0041
DAX =21 | 0.0075 | 0.0067 | 0.0064 | 0.0062 | 0.0060
DAX =42 | 0.0090 | 0.0082 | 0.0076 | 0.0073 | 0.0068
DAX =63 | 0.0096 | 0.0086 | 0.0081 | 0.0078 | 0.0072
Stox50 =1 | 0.0039 | 0.0040 | 0.0046 | 0.0039 | 0.0042
Stox50 = 0.0062 | 0.0061 | 0.0061 | 0.0060 | 0.0058
Stox50 =21 | 0.0099 | 0.0091 | 0.0088 | 0.0084 | 0.0081
Stox50 =42 | 0.0110 | 0.0105 | 0.0101 | 0.0095 | 0.0090
Stox50 =63 | 0.0114 | 0.0106 | 0.0105 | 0.0099 | 0.0092

Table 5.8: MSE for the AR, HAR, RFSV and RPDV predictors.

5.4.2.3 Evaluation by density

The evaluation of standard deviations for conditional volatility distributions is not directly possible
from historical data since, by de nition, we only have a single realization for each date. Therefore,
we proceed indirectly by using the approximation of volatility distributions with the log-normal dis-
tribution introduced in section 5.2.3. In this framework, our estimator for the volatility distribution
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at horizon T + at time T is the log-normal distribution LN mt+ ; (5T+ )2 , Where:

(@] 1 1
M D);
mr+ =log M (D), , 05s74 > and st. “=log@ I\/Iéli);z + 1A

Using the properties of the log-normal distribution, we de ne the estimator of the cumulative
distribution function (CDF) of 1, at time T as follows:
L

By ()=05+05 erf °90) [+ . (5.21)
ST+ 2

We then proceed to calculate the proportion of observed realized volatility values that fall within
di erent con dence intervals constructed based on this estimated CDF. Speci cally, we compute
the included proportion of the sample that falls within:

the bilateral con dence interval =2:1 =2 :
PN n o
kel 7 Fre Ter 1 5
pr = N ;
the upper unilateral con dence interval [ :1]:
Pn o " = °
-+ _ k=1 T+ Tk+ .
pl - N ’

the lower unilateral con dence interval [0: 1 ]:

P n
Ezl 1 I-_ATk'F T+ 1

N

e
|

These calculations are performed for the following values of : 0.05, 0.1, 0.25, 0.5. The idea is

then to compare the theoretical proportion, which should be 1, with the calculated proportions
pr p§+) , and pg ). Indeed, the closer the calculated proportions p; p§+) , and p§ ) are to
1 , the stronger the indication that Ika+ is a reliable estimator of the conditional distributions

of volatility at horizon

The gures reported in the table 5.9 demonstrate that our estimator of conditional volatility dis-
tributions generally provides a good approximation of the actual conditional distributions. The
proportions of realized volatility included in the estimated con dence intervals are typically close
to the theoretical proportions (i.e., 1 ), indicating that the estimator e ectively captures the
characteristics of the conditional distributions. This, in turn, suggests that M D ; , produces
a good estimation of conditional standard deviations. However, it should be noted that, as already
mentioned in section 5.4.2.2, the quality of the model estimations is quite sensitive to the consid-
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ered time horizon. Thus, while the di erence between the theoretical proportion and the observed
proportion inside the con dence intervals is around 10 points in most cases for a 1-day horizon,
this di erence is almost always less than 5 points for horizons equal to or greater than 1 month.

) ) ) ) ) ) ) )

Po:95s | Po:g5 | Po:gs || Po:90 | Po:go | Po:so || Po:75 | Po:75 | Po:75 || Po:s0 | Po:so | Po:so

SPX =1 0.86 | 0.90 | 0.91 0.80 | 0.85 | 0.85 0.65 | 0.72 | 0.72 0.44 | 0.50 | 0.50
SPX = 0.89 | 0.92 | 0.91 0.83 | 0.88 | 0.85 0.67 | 0.74 | 0.69 0.44 | 0.53 | 0.47
SPX =21 0.90 | 0.92 | 0.93 0.85 | 0.88 | 0.88 0.70 | 0.74 | 0.71 0.46 | 0.52 | 0.48
SPX =42 0.90 | 0.92 | 0.94 0.86 | 0.87 | 0.89 0.71 | 0.75 | 0.73 0.48 | 0.52 | 0.48
SPX =63 0.91 | 0.92 | 0.94 0.86 | 0.88 | 0.89 0.73 | 0.75 | 0.74 0.49 | 0.52 | 0.49
Nasdag =1 0.87 | 0.90 | 0.91 0.81 | 0.85 | 0.86 0.65 | 0.70 | 0.73 0.43 | 0.47 | 0.53
Nasdaq = 0.89 | 0.93 | 0.89 || 0.82 | 0.88 | 0.83 || 0.68 | 0.75 | 0.70 || 0.45 | 0.51 | 0.49

Nasdag =211 0.89 | 093 | 0.92 || 0.84 | 0.88 | 0.86 || 0.69 | 0.75 | 0.72 || 0.46 | 0.50 | 0.50
Nasdaqg =42 | 090 | 0.92 | 0.94 || 0.85 | 0.88 | 0.88 || 0.71 | 0.75 | 0.73 | 0.48 | 0.52 | 0.48
Nasdag =63 | 090 | 0.92 | 0.94 || 0.86 | 0.88 | 0.88 || 0.72 | 0.75 | 0.74 || 0.49 | 0.51 | 0.49
FTSE = 0.86 | 0.88 | 0.89 || 0.79 | 0.82 | 0.82 || 0.63 | 0.68 | 0.68 || 0.42 | 0.47 | 0.52
FTSE = 0.88 | 0.89 | 0.92 || 0.82 | 0.83 | 0.87 || 0.65 | 0.71 | 0.73 || 0.43 | 0.49 | 0.51
FTSE =21 0.90 | 0.91 | 093 || 0.84 | 0.86 | 0.86 || 0.68 | 0.72 | 0.74 || 0.46 | 0.49 | 0.51
FTSE =42 0.90 | 0.92 | 094 || 0.85 | 0.86 | 0.88 || 0.69 | 0.72 | 0.75 || 0.47 | 0.50 | 0.50
FTSE =63 091 | 091 | 094 || 0.85 | 0.86 | 0.88 || 0.70 | 0.72 | 0.76 || 0.48 | 0.50 | 0.50
DAX =1 0.88 | 0.89 | 091 || 0.83 | 0.83 | 0.87 || 0.66 | 0.71 | 0.73 || 0.45 | 0.50 | 0.50
DAX =5 0.89 | 0.90 | 0.94 || 0.84 | 0.85 | 0.89 || 0.68 | 0.73 | 0.75 || 0.47 | 0.51 | 0.49
DAX =21 0.90 | 0.91 | 094 || 0.86 | 0.86 | 0.90 || 0.69 | 0.73 | 0.76 || 0.49 | 0.50 | 0.50
DAX =42 091 | 091 | 094 || 0.86 | 0.87 | 0.91 || 0.70 | 0.73 | 0.77 || 0.49 | 0.50 | 0.50
DAX =63 091 | 091 | 094 || 0.87 | 0.87 | 0.92 || 0.71 | 0.73 | 0.78 || 0.50 | 0.50 | 0.50

Stox =1 087 | 0.89 | 091 || 0.82 | 0.84 | 0.83 || 0.65 | 0.70 | 0.70 || 0.43 | 0.49 | 0.51
Stox =5 0.89 | 091 | 0.92 || 0.84 | 0.86 | 0.85 || 0.67 | 0.71 | 0.71 || 0.45 | 0.50 | 0.50
Stox =21 0.90 | 0.92 | 092 || 0.85 | 0.87 | 0.87 || 0.69 | 0.73 | 0.72 || 0.48 | 0.51 | 0.49
Stox =42 091 | 092 | 094 || 0.86 | 0.88 | 0.88 || 0.70 | 0.73 | 0.73 || 0.49 | 0.51 | 0.49
Stox =63 091 | 092 | 0.94 || 0.87 | 0.87 | 0.88 || 0.71 | 0.73 | 0.74 || 0.50 | 0.50 | 0.50

Table 5.9: Proportions of realized volatility samples included in estimated con dence intervals.

Another interesting point is that the narrower the con dence interval, the more accurate the model
estimation, in the sense that the empirical proportions approach the theoretical proportions. More-
over, the empirical proportions are generally lower than the theoretical proportions, especially when
considering wider con dence intervals. This phenomenon can be explained by several factors. The

rst, which is certainly the most important, is that observations outside the con dence intervals are
simply the result of a poor model prediction for a part of the sample. This hypothesis is supported
by the fact that these discrepancies are strongly correlated with the model’s relative performance
reported in table 5.8. Another factor explaining this discrepancy is an underestimation by the model
of the conditional standard deviations. In fact, even if the model perfectly predicted the conditional
means, such an underestimation of the standard deviations would lead top; <1 . Finally,
part of this di erence could be also explained by the use of the log-normal approximation. Indeed,
with constant mean and standard deviation, the kurtosis of the volatility distributions directly
generated from RPDV model tends to be slightly higher than their log-normal approximations (it
can be seen in gure 5.1).
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5.5 Conclusion

The present chapter introduced an innovative deep estimation method for volatility models, speci -
cally designed for volatility forecasting within the theoretical framework of Bayesian decision theory.
To illustrate this method, the chapter focused on the estimation of an RPDV model.

The objective of the proposed approach was formally outlined in section 5.2. It involves constructing
an estimator function for the considered model that, from a historical matrix of price and realized
volatility data, returns optimal parameters and state variables according to Bayesian decision theory
principles and based on the criterion de ned in this section. This criterion, arising from a forecasting
objective across di erent horizons, has been de ned as a function of the rst two conditional
moments of volatility at various time horizons.

The estimation method itself has been exposed in section 5.3. It involves 2 NNs. The rst one,
denoted as , serves as the estimator function. It takes a historical matrix of price and realized
volatility data as input and returns a -vector containing the parameters and state variables de ning
a Markovian approximation of the RPDV model at a speci ¢ time instant. The second neural
network, denoted as M, estimates the mean and standard deviation of the volatility under the
considered RPDV model for a given pair of -vector and time horizon. This NN thus addresses the
absence of an analytical formula for these moments. The proposed estimation method rst involves
training this neural network M, and then, in a second step, training  through interaction with M.
In this approach, M is used to compute the cost of the -vectors predicted by , thereby adjusting
the parameters of the neural network  accordingly. Importantly, it has been demonstrated that
under certain conditions, following the proposed estimation procedure, behaves asymptotically
as a Bayesian estimator aligned with the foreasting objective outlined in section 5.2. Consequently,
the outputs of 0 er estimations of the optimal -vectors tailored to the speci ed forecasting goal.

Section 5.4 has presented a comprehensive evaluation of the practical e ectiveness of the estimator
function  using both synthetic and market data. The evaluation on synthetic data demonstrated
that the estimated -vectors by vyield volatility distribution estimates that closely align with the
real distributions at di erent time horizons. These results highlighted the e cacy of the proposed
estimation method within the analytical framework, where the estimation data are noise-free and
generated from the model being estimated. The evaluation using market data, spanning 22 years
of data from 5 stock indices, provided insights under less favorable conditions. The results showed
a generally positive outcome, although with more mixed ndings compared to the tests conducted
on synthetic data. Notably, the model’s performance as a volatility forecaster varied depending
on the chosen time horizon. For the 1 trading day volatility forecast, the model exhibited lower
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performance compared to benchmark forecasters such as AR and RSFV. However, for a 1-week
horizon (5 trading days), the model’s performance became comparable to, or even slightly better
than, the benchmark models. Moreover, the model consistently outperformed other models for
longer horizons of 1 month or more, including the HAR and RSFV models that are known for their
e ectiveness in volatility prediction over longer timeframes.

The reasons put forward to explain the di erential performance based on the considered time
horizon are of two kinds: the rst is related to the chosen volatility model, the second to the
estimation procedure itself. Regarding the rst reason, a model allowing more exible kernels and
enabling the incorporation of an exogenous component of volatility could be better adapted to
capture the empirical dynamics of volatility, thereby improving short-term forecasting. Regarding
the estimation procedure itself, the fact that is trained solely on synthetic data with a constant
observation time step, while the observation frequency varies for empirical data, could introduce a
bias in the prediction of state variables, which diminishes as the prediction time horizon decreases.
To address this limitation, one potential approach could be to incorporate a combination of synthetic
and real data in the training of . Additionally, introducing noise or biases in the training data
may also enhance the robustness of the -vector estimation and help reduce potential biases. These
avenues for improvement could re ne the estimation framework presented in this chapter, which
already demonstrates promising results, particularly in utilizing RPDV as a volatility predictor for
medium to long horizons.
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Appendix 5.A Approximation of the considered RPDV mod-
el

5.A.1 Stochastic di erential equations for the Markovian approximation
of the considered RPDV model

We aim to solve the following SDE:

dP¢

de;i;t = i Pi lRl;t+ Rl;i;t dt
t

To consider the dynamics of Ry.j.t, we set g Ry.j:t;t =e 'Ry and apply the It lemma:

) ) ) + dP
de 'tRl;i;t = e 'tRl;i;tdt'Fe 'thl;i;t = e it Pit 1R1;tdt
t
Consequently:
z t
) ) dpP
Ryt = Ruioe T+ ; e (W “ 1Ryudu
ERE] LRl 0 Pu ’

Thus:

X > Z i P,

W:iR1i;t = Ree = iWyg;i€ 1;itRl;i;O + iWy;i€ w W — U 1R1;udu
P P 0 ;_
i=1 i=1 I—l {7 } u
Rai(t u)
If follows that
z t
. _ dP,
Nim Ry = . Rt u) B 1R1.,du
Analogously, with
dRZ;i;t: ( t)2 2R2;t iRZ;i;t dt;
by applying same steps, we obtain:
X > ) Z 3¢ » ,
W2:iR2:i:;t = Ro;t = iWz;ie 2" R0 + Wo:i€ 2i(t W) (w 2R2:¢ du;
i=1 i=1 0 j=1

and therefore
z t
H — 2 .
odim, Ree = Rt u) (u)? 2Rz du:
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5.A.2 Approximation of the power law kernel

Chapter 3 has shown that the vectors W; and jcan be determined using the work of Abi Jaber
(1], [2]), which is based on the expression of the kernel K;( j) = i as the Laplace transform of
a positive measure’. However, this method has several drawbacks. The rst is that the convergence
between K; and K; is relatively slow with respect to n, the number of exponential kernels that make
up IQJ-. Consequently, when n is small (n  10), there exists kernels of the same form (and with
the same n) that better approximate the power kernel in the L? sense . Furthermore, the discount
coe cients obtained through this method depend on . While this is not inherently a problem, it
complexify the estimation problem in practice. For these reasons, an alternative approximation of
K;j is used here, in which the discount coe cients are constant (they do not depend on ;) and
only the weight vector Wj vary.

Inorder to x j, we start to remark that the inverse of the discount coe cients j;; corresponds
to the duration of (Rj.;);. Based on that, we start by de ning the shortest and longest durations
as = j;ll and 4 = j;,ﬁ, respectively. In this case, we set = ﬁ and 4 = 1000 expressed
in years. Subsequently, we perform a uniform logarithmic discretization between these two bounds
to determine the values of the remaining n 2 discounting coe cients ( j;i)2 i n 1, as follows:

log( +) log(t ) !

] i 1

pi=exp log( )+

The idea is to have a set of exponential kernels with durations distributed in such a way as to be
able to well approximate any power law kernel K( ) = with  2]0 : 1[. With the value of
xed, we then solve the following least-square problem:

argmin y;  AjW; 2
Wj On
with 0, a n-dimensional vector of zeros,
2 3

j;le J;1 1 o ne in 1
Aj =§ :

jue daN N e G N

In order to evaluate the quality of the approximation obtained by this method, we will compare it
with the method proposed by Abi Jaber ([1]), using n = 10 in both cases. Accordingly, we compute
the L! and L? norms of the di erence over the time interval Wloo :10 between power-law kernels
and their associated approximations using each of these 2 methods. Table 5.10 reports the results

obtained.

7Bayer and Breneis ([22]) consider an analogous approximation approach that will not be considered here.
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0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
R K L1(T) 2443 1475 0.873 0.586 0.518 0.489 0563 0.844 1.604
R, K L1(T) 0.016 0.026 0.041 0.065 0.107 0.188 0.355 0.449 0.970
Ry K L2(T) 0.618 0.22 0.105 0.218 1391 9,51 655 436.14 2809.4
R, K L2(T) 0.0004 0.004 0.033 0.228 1412 8.11 43.8 66.51 4708

Table 5.10: Comparison of two power-law kernel approximation methods based on L* and L? norms

evaluated over the time interval W%oo :10 . KR, is the approximation method introduced by Abi

Jaber, while K, uses the method proposed in this section.

Based on the metrics considered, the method proposed here generally provides a better approxi-
mation of the power-law kernel than Abi Jaber’s method for most of the considered values. If
we focus on the L norm criterion, this method produces systematically a better approximation for
all the considered  values. When we consider the L2 norm criterion, Abi Jaber’s approximation
outperforms the method introduced in the present section for the cases where is equal to 0.5 and
0.6. However, even in these two cases, the di erence in performance is very small.

- K(T)=779%4 10° - K(T)=77073
—_— k(D) — Ki(7D)
— k(1) - — K(7)
10!
friny
(o3 10!
10° 100
0 2 4 6 8 10 0 2 4 6 8 10
T (in years) T (in years)

Figure 5.10: Examples of approximations of two power-law kernels using 2 di erent approximation
methods. Kernel K; is obtained using the Abi Jaber approximation, while kernel K, is obtained
using the approximation described in this section.
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Appendix 5.B Parameters of the log-normal approximation
to the conditional volatility distribution

We want to expressmand sintermsof E 14+ j v and Var 14 j 1 given:

E : — m+s2, ; — 82 2m+s?.
T+] T =€z, Var 141 = € 1e :

It is clear that the rst equation can be rewrite as

: s?
m=Ilog E 1+ E:
Injecting this result in the second equation, we obtain:
Var tojr = e 1 o9l
(0} 1

Var j
52:|Og@ T+.J T2 +1A
E t+ 7

Therefore,
(@) 1

Var 14+ |
m=1log E t4+j7 0:5Iog@T—.JTZ+1A:
T+ ) T

Appendix 5.C Proofs of convergence results

5.C.1 Convergence of the estimation procedure of the function M

n
Proposition 1 Let be %l); o %”1) a sequence of i.i.d. random variable following , and Mﬁ .

o) ) ) 1j0p
o Mﬂl)k L i o & sequence of sets such as 8 i; k; M#'l . Is an unbiased estimator of M $'); K

p
calculated from a sample of size n,. If it exists M?, such as M?(1; k) =M (71; K); 8 1
(7)&0and x2f 1;: pg, thus 8 NM? solution to

1 XX ] ] 2
arg min — [V EEOFEE VIO) L
M L 2

N?(; )=M(71;k):8 1 (7)60and 2F 15 o0
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Proof of proposition 1. The density being by de nition positive or zero, we have the following
inequality:

z X 2
min M(1; k) M(1;k) 5, d (1)
R2Nn+9 M k=1
Z X )
min M(1 k) M(Ti) ,d (1)
M R2n+9 k=1

In addition, 8 M 2 R?, M is the unique solution to

argmin M IOIi:

4
It follows that if it exists M? such as M?(1; k) = M(1; k); 8 : (1) &0, and 2
f 152 pg, thus 8 NMI? solution to
Z
. X 2
arg min M(1: k) M(1iK) ,d ()
M R2n+e |
M?(1; k) =M(T; «); 8 : ()& 0. Moreover, because MQL . Is an unbiased estimator of

M Q; « calculated from a sample of size n, & :

; @M _ M.
nzlﬂl MTI+ K M TI Kk
Similarly, by the law the of large numbers
Z
1 XX @. O X . N .
im M P ML = M(1; k) M(1iK) ,d (1)
nei+1  1i=1k=1 2 RENTS g

arg min |

M Ny
nz

NM?(1; k)=M(T1;k:8 1 (7)60and «2f ;5 pg. QED.

5.C.2 Convergence of the estimation procedure of the estimator function

Proposition 2 Let &™; 1 (M) pe a sequence of i.i.d. random variables following , D®; :::; D(")
0]

a set of time-series such that D® is generated from the M-RPDV associated with the -vector ’,

8We assume here that, 8 t: (t)&0and[0: p], T+ « has nite variance.
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and %1;2); i %nl:z) the set of values taken by at time ty for each time series D®. If there exists
? such that for all D: P (D) &0, ?(D) is a Bayes estimator of 1 under the posterior measure
, then for any "7 solution to the optimization problem

) ) 1 X . -
argmin lim_— L ® p®
ny ¥+1 nl i=1

"?(D) is a Bayes estimator of 1 under the posterior measure p;8 D:P (D) & 0.
Proof of proposition 2. The expectation of the cost under the prior measure is de ned by:

h i Z h i
E L+ (D = Eo L 7 (D) dP (D)

Using this expression, and given density being by de nition positive or zero, we have the following
inequality:
z h i h i
, mnE_ L t; (D) dP (D) mnE L 1; (D) :
RY
It follows that if it exists ?suchas8 D:P (D) &0, ?(D)isa Bayes estimator of 1 under the
posterior measure p, if ™ is solution to
h i
mnE L 1; D ;

™ (D) is a Bayes estimator of under the posterior measure p, 8 D:P (D) & 0.

In addition, if DD;:::: DM s a set of i.i.d. of time-series such as D P | by the law of large
numbers

N AR AN @) h i

lim — L % D =E L T; (D :

ny ¥+1 nl i=1

Combining the above propositions, if there exists ? such that forallD : P (D) & 0, ?(D) is a
Bayes estimator of + under the posterior measure , then for any "? solution to the optimization
problem

argmin _lim_ — L &, p®
n¥"+1 N i=1

"?(D) is a Bayes estimator of 1 under the posterior measure p, 8 D:P (D) & 0. QED.
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Appendix 5.D Annex results

5.D.1 Value of the integral of K over R ¢

We compute the integral of K over R o:

11
R (u)du = wi je  Wgy = wie ¢ W
0 0 =1 i=1 0

5.D.2 Standard deviation of a BSS process

R
The avriance of an integral of the form 01 K (u)dW,, can be computed as follows:
o) i, 0 1,
xZa 1 X XK pwi
Var @ wi e YdwW, A= @ w; e YA du= ——L
i=1 O 0 i=1 i=1j=1 ' J

It follows that:
(@) 7 1 \'U/|
X- 1 KK v .
Std @ wi e Udw,A = T Rt
i=1 O i=1j=1 J

5.D.3 The variance of the volatility process

The variance of the volatility process is equal to:

P
Var( v+ )=Var o+ 1Ry7+ + 2 Ro7s+

o
=( 1)®Var Ryt+ +( 2)?Var = Raot+
r

+2 1 2 1+ Var Ryt4+ Var pR2;T+
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CHAPTER 6

The Factorial Path-Dependent Market Model

Abstract

This chapter introduces the factorial path-dependent market (FPDM) model, a multivariate
asset price dynamics model in which these dynamics are determined by a set of elementary
factors. In this framework, both the factorial drift and factorial volatilities are conditioned
by the past dynamics of the factorial portfolios, resulting in a model mostly path-dependent.
Building on this theoretical foundation, the chapter subsequently designs a market generator
positioned midway between parametric models based on strong assumptions and purely data-
driven approaches. The aim is to combine the best of both worlds, o ering a model capable of
faithfully reproducing the empirical nancial dynamics while maintaining a clear understanding
of the nancial phenomena driven by the simulated price paths. To evaluate the e ectiveness
of the proposed approach, a thorough out-of-sample assessment of the market generator is
conducted based on the S&P500 investment universe.

6.1 Introduction

"Backtesting against synthetic datasets should be the preferred approach for developing tactical
investment algorithms" [115]. This statement from Marco Lopez De Prado underscores a key point:
the importance of synthetic nancial series in a modern quantitative nance approach. Beyond
the interest for strategy backtesting, synthetic data are increasingly used by the industry for other
applications such as stress testing ([115], [115], [177]), obtaining risk metrics ([73]), generating
conditional scenarios ([19]), etc. However, the consistency of these synthetic data-based approaches
depends to a large extent on the ability to accurately model multivariate asset price dynamics. Yet,
this modeling represents one of the most challenging problems in quantitative nance.

The di culty stems from a twofold complexity: a complexity inherent in marginal price dynamics
(where each asset price is considered independently of the others) and a complexity in the correlation
structure of asset price dynamics. On the rst aspect, the distributions of asset returns (and log-
returns) at di erent time scales are non-Gaussian, exhibit heavy tails, and are generally asymmetric
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([146], [70]). Moreover, asset price dynamics are path-dependent, leading to signi cant time-series
features such as volatility clustering and the Zumbach e ect ([205], [106]). Regarding the correlation
structure of asset price dynamics, it is itself dynamic and exhibits signi cant variability over time
([201]). Thus, a set of assets that are weakly correlated over a given period can be highly correlated
over another period. Additionally, the joint distributions of returns for a signi cant portion of
assets are non-elliptical ([64]), adding yet another layer of complexity to the modeling.

While classical multivariate dynamics models such as those based on multivariate geometric Brow-
nian motion fail to capture these various empirical properties, more sophisticated approaches better
suited to handle this complexity have emerged in recent years. In particular, models based on new
machine learning methods have garnered particular interest. Among the most popular are models
based on Restricted Boltzmann Machines ([133], [139]) and Generative Adversarial Networks ([139],
[99], [164]), which have yielded very good results in terms of reproducing the various features charac-
terizing nancial time series. Nevertheless, these methods have also important limitations. Firstly,
most of them are not suitable for handling the temporal dependence of large multi-dimensional da-
ta: as the data dimension increases, calibrating these models becomes impractical ([164]). However,
in practice, asset portfolios are typically constructed from investment universes comprising several
hundred to several thousand assets. Moreover, these models are typically black boxes. Therefore,
while they can be very e ective at reproducing the statistical properties of nancial series, they do
not provide an intelligible framework for the reproduced phenomena.

On the theoretical front, e ectively modeling the dynamics of a price system goes beyond the
technical question of "which model ts the data best?" Instead, it involves identifying the mecha-
nisms through which the asset price system is formed and understanding the conditions that enable
various historical market paths. In this respect, ambitious modeling should enable us to answer
guestions such as: "what causes a certain asset pair, which was weakly correlated at one time t,
to become strongly correlated at another time t*?" In broader terms, it must provide to some ex-
tent a hermeneutic of market dynamics. However, the value of such an approach goes beyond the
simple search for knowledge for its own sake. It creates conditions that allow for the avoidance,
or at least the mitigation, of generalization error better than a model based solely on the brute
reproduction of historical sample characteristics, and thereby potentially anticipates the possibility
of unprecedented but non-zero probability events.

It is in this perspective that the present chapter is situated. Its objective is to propose a general
model for asset price dynamics that can be adapted into a market generator, bridging the gap
between classical Monte Carlo approaches based on parametric models with strong assumptions
and purely data-driven approaches without theoretical a priori. The aim is to combine the best of
both worlds by o ering a model capable of faithfully reproducing the empirical nancial dynamics
in all their complexity while maintaining a clear understanding of the nancial phenomena driven
by the simulated price paths. Furthermore, thanks to the theoretical framework induced by the
model structure, this approach aims to disentangle contingent statistical phenomena, which are
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merely expressions of speci c¢ historical realizations, from the structural mechanisms that generate
the probability distribution of the asset price vector dynamics.

The article is structured as follows. Section 6.2 introduces the general framework of the Factorial
Path-Dependent Market (FPDM) model and outlines the underlying logic of its structure. Section
6.3 derives a market generator from one speci cation of this model and presents a calibration
method to the latter. Lastly, section 6.4 assesses this market generator and its calibration from
various perspectives using market data.

6.2 General framework of the factorial Path-Dependent Mar
ket Model

6.2.1 General framework of the FPDM model

6.2.1.1 Elementary factor-based decomposition of asset price vector dynamics

Let us consider P as the random vector of prices of dimension n 1 for an investment universe
composed of n assets. Adopting a similar approach to that proposed in [171], we assume that the
dynamics of P are driven by a set of m factors denoted F; | i which is composed of m¢
common factors and n idiosyncratic factors. We will refer to this set as the elementary factor set.
For all t, dP¢ is de ned by the following multi-dimensional stochastic di erential equation (SDE):

where F is the vector of elementary factors, and A isan n m factor loadings matrix that represents
the sensitivity of the assets to the elementary factors, respectively given by:

> > >
FF= F© . ® and A= A© -,

with F(©) being the m¢-dimensional vector of common elementary factors, F(!) the n-dimensional
vector of idiosyncratic elementary factors, A() the n  mc matrix of the sensitivity of the assets
to the common elementary factors, and I, is the n-dimensional identity matrix. Furthermore, we
suppose that the dynamics of the elementary factors are given by:

dFy = dt+ IDiolwt; (6.2)

with W being an m-dimensional Brownian motion,  the drift vector of elementary factors of
dimension m 1, and a m m diagonal matrix with diagonal elements corresponding to the
variance process of the elementary factors. In this framework, the solution to the asset price vector
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is given by (see proof in appendix 6.B.1):
Zy Zy -
Apiuqu:

1 .
A > diag A (A~ du+
0

Pt =Py exp

Therefore, the instantaneous returns are expressed as a linear combination of elementary factor
dynamics, with each factor associated with an independent source of randomness corresponding to
the margin of W. Furthermore, in this model, the drift vector and covariance matrix associated
with instantaneous asset returns are entirely determined by the drift and volatility vector of the
elementary factors. Indeed, at time t, the drift vector and covariance matrix of instantaneous asset

returns are respectively de ned as follows:!:
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Figure 6.2: The values taken by ;:j, the linear correlation coe cient between the instantaneous returns
of two assets, as a functiom of the yalues taken by the factorial volatilities in the simple case where:
P - h i
F©) i j

_ 110 i

A= 10 1 and diag t

In this example, since both assets, i and j, are positively exposed to a common risk factor F(), their
i;j follows an increasing relationship with the volatility of this factor. However, the pro le of

correlation
the relationship between these two quantities is also strongly in uenced by the levels of volatility of the

idiosyncratic factors.
¢ is a diagonal matrix,

From the expression of the matrix of instantaneous asset returns and given
it follows that the instantaneous correlation between the returns of the i-th and j-th assets in P is

1Because dtdt = 0; dtdW = Om and dWdW{ = Imdt:
> P— P— = >
Pt) = A dt+A tdW¢ A dt+ A tdW¢ = A tAdt

dPty  Py) (dP¢
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de ned by:

Pm
k:1(A)i;k (é)j;k ( t)k;k

(Ct)i;j = qu— Pm—:
kzl(A)iz;k ( t)k;k k:l(A)J?;k ( t)k;k

(6.3)

This expression highlights one of the main advantages of the factorial form of the model: generating
a dynamic correlation structure between asset returns from the dynamics of the elementary factors.
More precisely, since the exposure of assets to the factor given by the elements of the matrix A is
assumed to be constant, the correlation dynamics are solely driven by the changes in the factorial
volatilities within the vector V. Therefore, as illustrated in gure 6.1 through a simple example,
the correlation structure between assets can undergo signi cant changes following movements in
factorial volatilities. This property of the model is of major interest in explaining empirical phenom-
ena, such as the abrupt increase in correlations between di erent assets that almost systematically
accompanies an increase in market factor volatility.

6.2.1.2 The information driven the dynamics of factorial drift and volatilities

In the FPDM model introduced in section 6.2.1.1, the dynamics of the factors that drive the price
vector P depend on two major components: the vector of factorial drifts and the factorial variances
de ned by the diagonal of . However, these components themselves have dynamics that need to be
de ned. To this end, both can be viewed as functions that, given Iy, a set of information available
at time t, map to an m-dimensional vector. More speci cally, : 1y ¥ R™ and diagy ug( ) :
I: ¥ RT. Adopting this approach, the identi cation of the information comprising 1+ becomes a
central question. First and foremost, this information can be categorized into two main components:
endogenous information and exogenous information. Here, endogenous information corresponds to
the natural Itrations of P and F, i.e., fP,g, + and fF,0y ¢. Exogenous information is de ned, on
the other hand, as the complement of endogenous information, representing the set of information
on which and  depend but is not contained in fPy; Fygy ¢. The philosophy adopted by the
FPDM model aligns with that of path-dependent volatility models ([101], [116], [117]), aiming
to explain the dynamics of and as much as possible through an endogenous manner. More
speci cally, we assume that at a given time t, all the relevant endogenous information on which
and  depend is contained in the following set of state variables:

n (o
= ~00. -0
’ t t k=1 ’
where ~Ek) and ~§k) correspond to the following exponential weighting moving averages (EWMA):
YA Z
17t tu 17t tu
~§k) = — e «dF, and ~§k) = — e « du;
k a1 k a1
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whose dynamics are respectively de ned by (see details in the appendix 6.B.2):

1 1
= dFe ~®dt; and d~F ==, -~ dt
k k

d~3 =
Given that I;.; constitutes a set of information that impact and , we also have the following
inclusion relation: 1;.¢  l¢. However, in the considered approach, the EWMA estimators of the
drift and covariance matrix of F, represented by ~§k) and ~§k) respectively, only impact and
indirectly. Indeed, the causal relationship operates through transmission channels that consist of
metrics associated with a set of factorial portfolios denoted by Y and de ned as:

Y1) = Ypi gil;
with yp.c 2 R™ and 8 p;t : kyp:tky = 1. The modeling idea is that variations in factorial trends
and volatilities arise from changes in anticipations about the future dynamics of factorial portfolios,
anticipations which are formed based on the endogenous information 1.¢. Furthermore, the com-
position of the factorial portfolios included in Y is itself a deterministic function of the information
It. This general form includes the particular case where Y (Y¢ = Y 8 t) is invariant over time.
In this speci c case, it is clear that Y is independent of the information 1. Another interesting
special case is when the entire set of information on which Y depends is contained in 1. In this
con guration, Y is purely path-dependent. Still, the metrics of the factorial portfolios that impact
and do not depend on the form taken by Y. These will be of two types.

The rst type, which we will refer to as convolved dynamics features, takes the form:

X ®) Z
Yot p = [ YEFt :y;t 19p(t u)dFy; (6.4)

k=1

P s :
where , 2 R™ and gy(s) = 221 ( pk)"e k. These features thus correspond to stochastic convo-

lutions with respect to dF over the interval | 1;t]. It should be noted that the kernels fgpggél on
which these factors depend can be highly diverse. In the case where , 2 R (resp. p 2 R™), Op
is a positive, decreasing, convex function (resp. negative, increasing, concave) over R... In contrast,
when the coordinates of , are not of the same sign, g, can be non-homogeneous and have variable
sign over R..

The second type of features impacting and , that we will term as historical volatility features,
takes the form:

vt Z t
X ¢ t
> ~(k — >
Wp K yp;t g)yp;t - yp;t 1kp(t U) udu Ypit (65)

mCC<

M YptuWp =
k=1

n |:>n Wk, =
where wp 2 R kwpky = 1 and kp(s) = —; =——>=e «. Therefore, the form of the kernels
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fkpggé1 is much more constrained than that of fgpggél: they are necessarily positive, decreasing,
convex functions over R., and their integral is equal to 1. This distinction arises from the very
nature of this second type of features, which correspond to averages of the realized volatility of
factorial portfolios. Speci cally, *+ yp.1;Wp ~ is @ moving average of the realized variance of the
process (Yp;7)~dF¢ (not of (Yp;r)”dFy).

These two types of features thus form the set
n On,

Fe= "t Ypit; p 3™t Ypits Wp p=1; (6.6)
which integrates as follows into the causal chain of the FPDM model: 1 generates the set of
factorial portfolios Y¢, and the combination of I and Y¢ de nes the set of features F¢ on which
and ¢ depend. More precisely, as will be exposed in section 6.2.2, the set F; determines (either
entirely or partially) ¢, and the triplet ( ¢; F¢; Y¢) in turn de nes . The gure 6.3 summarizes
the sequence of causal relationships in the FPDM model.

Figure 6.3: Causal diagram of the FPDM model in the case where Y, , and  depend solely on
endogenous information. The endogenous information I1.¢ de nes the set of factorial portfolios Y.
The features constituting the set F¢ are computed from the pair (11.¢; Y¢), and this set determines
the value of the matrix of factorial variances . In turn, +;F¢ and Y determine the vector of
factorial drifts . Finally, the pair of (and ¢, coupled with the random shocks modeled by dW¢,
generates the dynamics dF; of the elementary factors, which ultimately leads to the variation in
the vector of prices dP¢. Furthermore, the dynamics of the elementary factors produces a feedback
e ect by increasing the endogenous information and, through the same causal chain, modifying the
state of the system in turn.

6.2.2 Volatilities and drifts of elementary factors

6.2.2.1 The factorial volatilities

The modeling approach adopted for factorial volatilities P— presents signi cant analogies with the
PDV model proposed by Guyon and Lekeufack ([117]). Similar to this model, volatility dynamics are
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considered as a primarily endogenous phenomenon with the addition and interaction of short-term
exogenous dynamics. Accordingly, the matrix of factorial volatilities takes the following general
form?:

pi =diag V (Fy) Xt St ; (6.7)

where V is a deterministic function of the set of features Fy such as V : Fy ¥ RT, X is an m-
dimensional stochastic process responsible for capturing for capturing the exogenous dynamics of
factorial volatilities, and S is a univariate stochastic process corresponding to a common factor
sensitivity operator to random frictions.

More precisely, we de ne the path-dependent component of the vector of volatilities of the elemen-
tary factors V (F¢) as follows:

3C v 3C v
V(Ft) = by + bip "t Ypi ,S )+ b2p ™t Yp;W;() ), (6.8)
=1 =1
1Kzp § {z y i {z }
@ (@) (©)]

where:
(1) is an intercept vector such as bg 2 RTY.

(2) is the component of V (F¢) attributable to the convolved dynamics features (equation
6.4), with by, 2 R™.

(3) is the component of V (F) attributable to the historical volatility features (equation 6.5),
with by, 2RT and ~ Y, by 1.

It is rst worth noting that, through the component V (F¢), the proposed model induces a nested
factor structure analogous to that proposed by Chicheportiche and Bouchaud [65]. Indeed, similar
to their model, the proposed framework implies that, on the one hand, asset returns depend on
common risk factors, and, on the other hand, the volatility of these risk factors is itself driven by
common factors. Regarding the form taken by V (F¢), this can be viewed as a generalization of
the PDV model proposed by Guyon and Lekeufack ([117]) in a factorial and multivariate frame-
work. Indeed, rst, the 4-factor PDV ([117]) model is a speci ¢ case of 6.8 (see appendix 6.C.1),
second, even the general form of 6.8 exhibits an analogous three-block structure. However, the
generalization induced by 6.8 entails substantial speci cities that need to be detailed.

Firstly, regarding component (2), where its counterpart in the Guyon and Lekeufack model cor-
responds to a moving average of past returns (up to a multiplicative constant) for the considered

20r equivalently:

¢=S¢ V(F) Xt V(F) Xt Im
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asset, (2) is a linear combination of stochatic convolution of factorial portfolio dynamics. This aims
to capture the impact of past dynamics of the factorial portfolios belonging to Y¢ on the level of
factorial volatilities. The well-known leverage e ect and the strong Zumbach e ect ([205], [106]),
respectively de ned as the negative relationship between past returns and spot volatility, and the
dependence of the volatility process on the historical price path, can thus be modeled through
this component. In addition to these e ects already captured in a univariate framework by the
PDV model of Guyon and Lekeufack, (2) allows for the consideration of other e ects speci ¢ to
multidimensional and factorial modeling. In particular, the past dynamics of one elementary factor
can impact the volatility level of another elementary factor. By extension, the volatility level of
an asset can be conditioned by the past dynamics of other assets. Concretely, this transmission
mechanism allows for the modeling of empirical phenomena such as the di erence in amplitude of
the leverage e ect between individual assets and indices that group a set of assets ([44]).

This type of transmission mechanism is also enabled by component (3), which is a linear combination
of historical volatility features associated with di erent factor portfolios. It is akin to the "historical
volatility factor" in the Guyon and Lefeufack model. However, unlike the latter, (3) does not solely
depend on the volatility of an elementary factor based on its own past trajectory (the past trajectory
of the volatility of this elementary factor) but also depends on the past trajectories of volatilities of
other elementary factors. This structure allows for capturing, in addition to the volatility feedback
and volatility clustering phenomena already enabled by the Guyon and Lefeufack model, e ects
speci ¢ to multi-asset dynamics, such as volatility spillover e ects ([123], [15], [66]). Thus, an
increase in the volatility level of a subset of the investment universe can propagate to other assets
through this relationship.

In addition to the path-dependent component V (F¢) just de ned, as per 6.7, the factorial volatilities
are functions of the vector X whose purpose is to capture dynamics of exogenous origin in volatility.
The simplest case is, of course, when X is invariant (typically 8 t : X = 1,,), and therefore,
the factorial volatilities are purely path-dependent. Beyond this particular case, we adopt and
generalize once again the idea proposed by Guyon and Lekeufack by specifying X as a mean-
reverting process. More precisely, following the approach suggested in chapter 3 and adapted to
the considered multivariate framework, we de ne X as an m-dimensional exponential Ornstein-
Uhlenbeck process, such that:

where isam m transition matrix, Y is the unconditional expectation of Y, isam m
scatter matrix, and B is a m-dimensional Brownian motion independent of W. As shown in [156],
the conditional distribution of Y¢.s given Yy is normal at all times, such that:

YesiYe N Y+e S Y¢ Y ;vee,,, Y am e O 7)s vec >
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Therefore X¢+s conditional on X follows the log-normal distribution:

XessiXe LN Y +e S Yy Y ;vee,!, Y am e 7)s vee >

Furthermore, the asymptotic distribution of X is given by:

im XewsiXe LN Y vecl ., ( ) tvec

Several remarks can be made regarding the speci cation of parameters de ning the dynamics of X.
First, if we assume that the path-dependent component exhausts the structural relationships linking
the volatilities of the elementary factors, it is consistent then for and  to be both diagonal
matrices. Additionally, the results presented in [117] and in chapter 3 suggest that, when using a
primarily path-dependent calibration approach, the exogenous dynamics of volatility manifest as a
short-term phenomenon (intraday). In this context, Y mean-reverts very fast toward Y, implying
high values for elements of

Finally, the last component of the factorial volatilities S is a univariate process that de nes a
common sensitivity to all factors. This allows for capturing the homothetic dynamics of the matrix
of factorial volatilities. Like X, aside from the special case of constant S, it is coherent to model
it using a mean-reverting process. Thus, the choice of an exponential Ornstein-Uhlenbeck process
remains meaningful in this context. An alternative is to model log(S) through a continuous-
time ARMA (autoregressive-moving average) process ([52], [53], [61]). Due to the multitude of
approaches included in this family of models, this choice provides a high degree of exibility in
capturing various types of dynamics, particularly in terms of temporal dependence relationships.

6.2.2.2 The drifts of the elementary factors

The modeling of the drift vector of the elementary factors proposed in this section aims to achieve
a dual purpose. On one hand, it aims to incorporate the insights provided by nancial literature,
and on the other hand, to be exible enough to capture potential market-speci ¢ patterns that may
not be accounted for by standard approaches. In line with this objective, we propose to de ne this
drift as the following linear combination:

t= pit  pits (6.10)
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where , is the performance factor associated with portfolio yp, and  is the vector of sensitivities
of the elementary factors de ned by:

- Cov dFeypdFe  yo (6.11)
p;t — N . '
Var ygdFt Yo Ve

The form 6.10, although very general in its current state, frames the modeling of by de ning the
drifts of the elementary factors based on their respective exposures to the portfolios included in
Y. Therefore, the composition of Y plays a crucial role in this framework. Furthermore, it is clear
from 6.10 that the signi cance of the various portfolios contained in Y on is contingent upon the
forms taken by the functions . Here, according to our dual objective outlined in the introduction,
we consider the following speci cation:

—_ () P) A . A . .
pit= p t(Ypit) + p t(Yp:t: Wp). + "t Ypiti p + Epit; (6.12)

A LA b 2 R T

@ @ 3 @

where:

(1) corresponds to the instantaneous risk premium of the portfolio yp.¢, which is a function
of the value taken by ¢ yp:t , the spot volatility of this portfolio, such that ,()S) "R+ TR,

(2) corresponds to the premium compensating for the historical risk of the portfolio yp.
measured by ¢ Yp:t;Wp (equation 6.5), such that ,(f’) 'R+ T R.

(3) corresponds to the feedback e ect of the past dynamics of y,.¢ on its current drift deined
by equation 6.4).

(4) corresponds to the residual component of the performance factor associated with portfolio
Yp;t, Not explained by the rst three components.

This modeling approach has the double advantage of being highly exible while preserving a clear
understanding of the factors in uencing the vector of factor drifts. For instance, as demonstrated
in appendix 6.C.2, the proposed model can be speci ed to align with the theoretical coordinates
of the capital asset pricing model (CAPM) ([190], [154]). In addition to a strict adoption of this
type of speci cation based on a strong theoretical framework, those can serve as a baseline for
integrating other components of . This allows for a combination of a theoretical model with a
data-driven approach. Moreover, the combination of the four components that form a performance
factor enables the modeling of complex drift patterns and di erent natures.

Firstly, components (1) and (2) allow linking the volatility levels of factorial portfolios - instanta-
neous volatilities in the case of (1) and past volatilities in the case of (2) - with drifts. However,
the relationship between the level of volatility and expected returns is both common in nancial
modeling ([188], [118]) and extensively documented [103]. Furthermore, the very general de nition
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given to ,(38)(:) and ,(JP)(:) enables the consideration of a variety of ways to model this relation-
ship, including for instance linear and polynomial forms, as proposed in [118]. Regarding the dual
risk premium structure employed, comprising a spot volatility premium and a historical volatility
premium, it may seem unconventional at rst glance. Nevertheless, in practice, this speci ¢ form
allows for the modeling of various important empirical phenomena documented in nancial litera-
ture. One such example is the market behaviors studied by French et al. ([103]), where the expected
returns of stocks are positively related to predictable volatility through autoregressive (AR) models
and negatively related to unexpected changes in volatility. In the proposed framework, considering
yp as a factorial portfolio representative of the equity market, this phenomenon can be captured by
jointly specifying ;()S) as an increasing function on R4+ and ,()P) as a positively increasing function
on R.. Indeed, in this context, on the one hand, the variation in (1) + (2) is negatively correlated
with a volatility shock, and on the other hand, (1) +(2) follows a positive relationship with the level
of volatility predicted by an AR model due to component (2). A second example of an empirical
pattern that the dual form of the risk premium can capture is the well-documented " y-to-quality”
phenomenon ([28], [67], [16]). Indeed, let us suppose that y, corresponds to a quality portfolio,
and that the associated risk premiums take the form és) = gs) 2 and ép) = ép) 2 with
0< ((15) = ép). In this setup, during prolonged periods of stability in the volatility level, (1)+(2)
is close to zero. However, if the instantaneous volatility suddenly spikes, (1) + (2) turns positive
due to a positive delta between spot volatility and the historical volatility factor. Conversely, when

volatility decreases, (1) +(2) turns negative, spot volatility becoming lower than historical volatility.

Regarding (3), this feedback feature enables the modeling of momentum and mean-reversion phe-
nomena, two important determinants of empirical price dynamics ([172], [113], [189]). The nature
of the feedback generated by this component depends on the value of , as clearly evident from
its mathematical expression provided by 6.4. Thus, when , 2 R'Y and if at least one coordinate
of p, >0, (3) may be viewed as a momentum factor. Conversely, if , 2 R™ and at least one
coordinate of , < 0, (3) can be seen as a reversal factor. Beyond these two polar cases, the
form of (3) allows capturing more complex feedback structures, such as the coexistence of positive
autocorrelation in returns over short horizons and negative autocorrelation over longer horizons
highlighted by Poterba and Summers ([172]).

The component (4) di ers from the rst three components of 6.12 on several fronts. Firstly, it
is not necessarily solely a function of endogenous information but may also depend on exogenous
information contained in 1;. Consequently, this component enables the consideration of exogenous
determinants of factor drifts, allowing for the concrete incorporation of factors such as ’'views’ in
the Black-Litterman sense on portfolios. Moreover, (4) can serve to ensure certain relationships
between di erent components of the model, as in the case of the CAPM speci cation of  discussed
in appendix 6.C.2.
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6.3 The Factorial Path-Dependent Market Generator

6.3.1 The market generator framework

6.3.1.1 The considered FPDM model

The theoretical framework proposed in section 6.2, de ning the FPDM model, is intentionally very
general and encompasses a large number of possible speci cations. This section aims to de ne
the FPDM model under consideration, which will be used, in a discretized version, as a market
generator in the remainder of the article.

6.3.1.1.1 The set of factor portfolios Y

Firstly, the set of factor portfolios Y is de ned as:

where e, is an m 1 vector, with the value of the p-th row being 1 and 0 for all other rows. This
is one of the simplest possible speci cations of Y, which implies that the features on which the
factor drifts and volatilities depend are each a function of a single elementary factor. Furthermore,
through equations 4 and 5, the drift vector of the elementary factors can be simpli ed as follows:

XX X

t= pt  pit = ;
p=1 p=1 ep tep p=1

t€p

Therefore, the drift of an elementary factor j depends solely on the performance factor ;.. associ-
ated with it (since ;¢ = €j).

6.3.1.1.2 The kernels

The speci cation adopted for the kernels associated with the features on which the factor drifts and
volatilities depend is also made with a concern for parsimony. Thus, the considered model includes
only two kernels: the rst shared by all convolved dynamics features and the second shared by all
historical volatility features, respectively de ned by:

x . o x .
gs)= Ke & and gO(s) = Wke < (6.13)
k=1 K k=1 K
where ;w2 R"? and with
c=exp log( )+ o9 +n) 'ig(t Dk 1) - (6.14)

This method of de ning the parameters f «g._,, introduced in chapter 5, allows for a good approx-
imation for the majority of positive decreasing kernels on R4 as long as one opts for a speci cation
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of n ;t ;t.. Inthis case, we choose the following speci cation: n = 10 and 1=365 and 5 (expressed
in years).

6.3.1.1.3 The volatilities of elementary factors

The speci cation of the vector of elementary factors is based on the idea that one elementary factor,
corresponding to the market factor, plays a speci ¢ role in the overall level of factorial volatilities.
In this framework, the purely path-dependent component of the volatility of an elementary factor
depends solely on its own past trajectory and the past trajectory of the market factor. Following
this principle, by associating the market factor with the rst (in terms of index) elementary factor,
we de ne this purely path-dependent component for an elementary factor k as:

V(Fo)  =bok+bik "k )+bok "e(eisw) +bg V(F) (6.15)

where 8 K : bo.k; b2:k; b3:.k 2 R+. In a less compact form, equation 6.15 can be rewritten as follows:
YA t z t
V (Ft)  =bok +baxboa +bix  KOWA(Fuk +bskbra KO (U)d(Fu):
Szlt 1SZ .
+ boik 1 KO W) u)kkdu + bskba:s 1 K®O@)( u)1adu

Certainly, for the speci c case of the market factor (i.e. k = 1), bs.; = 0. Consequently, the purely
path-dependent component of the market factor volatility takes a form analogous to the PDV model
by Guyon and Lekeudfack:
Z, Sz
V(F) , =box+bir  KOW(FW)1+ bz KO wiadu:
1 1

Regarding X, the process responsible for capturing the exogenous dynamics of factorial volatilities,
we adopt here the form suggested in section 6.2.2, namely an exponential OU process. More
precisely, reusing the form 6.9, we consider the case where both and  are diagonal matrices, such
that the coordinates are independent. Furthermore, we assume that the mean-reversion parameters
associated with this process are very high, corresponding to high or medium frequency phenomena.
Thus, for the time step t considered in the market generator, the realizations of X¢ and X+ ¢
are approximately independent. This modeling assumes that, for low-frequency observations, the
autocorrelation structure of volatilities is entirely captured by V and S.

To model the dynamics of the market sensitivity operator S, we assume that log(S) follows a
CARMA process. In practice, since the market generator is a discrete model, the selected model
will be a standard ARMA(1,1). This choice, which may appear arbitrary at rst glance, is actually
determined by the empirical dynamics of S, which are fairly well-modeled by this type of process
(see appendix 6.G.3).
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6.3.1.1.4 The factorial drifts

The speci cation of the factor drift vector follows a CAPM-like framework under the assumption
of zero interest rates: only the market factor has a non-zero drift. Speci cally, this vector is de ned
by the expression:

}

t= t=e +  (ep; ’37+ Ne(ew)_ e
?
t

where 7 represents the market premium under the assumption of a zero risk-free rate. This

premium comprises three components. The rst, , is the invariant part of the market premium.

The second component, ¢ (e1; ), models the e ect of past market factor dynamics on the

current market premium. If is positive, the market premium exhibits momentum: the market

factor is subject to a positive feedback e ect. Conversely, if is negative, the market premium

exhibits reversal: the market factor is subject to a negative feedback e ect. The third component,
¢ (e1; W), represents a premium for historical volatility.

Several additional remarks can be made. Firstly, the market risk premium, and consequently
the drift, is purely path-dependent. Only the feature variables determining the path-dependent
component of the volatility of the market factors make the drifts time-variable. Furthermore, the
market risk premium can be rewritten as follows:

7=+ YV (Vo Y e )+ Y M(enw);

0 = Vo obo1; "= Vi by and ! = V' bp. Therefore, it has as a special case

7=+ V (V1. Another important point is that the drift vector of the assets is de ned as:

A=Ay

Consequently, in this framework, changes in the asset drifts are solely caused by movements in the
market risk premium.

6.3.1.2 The market generator

The considered market generator is a discrete version of the FPDM model discussed in dection
6.3.1.1. Itis de ned by algorithm 4. In addition to the time step t and the number of simulations
ns, it takes as input the set of parameters ;w;A; ;bg;b1;by;b3;S; ; ; ;ag;ar;az, and the set
of state variables Pyo; Mgf); M((;); 0, Whose determination is discussed in next section 6.3.2. These
inputs are then used to generate a time series TP, g,  ,, Which constitutes the output of the
generator®. The objective of this section is to elucidate the various components of this market
generator, including the discretization choices made and the rationale behind these choices.

30f course, other elements used for simulating this time series can be added to the output, depending on the
purpose of using the market generator. Typically, it may be bene cial to also retain the trajectories of elementary
factors or volatility.
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Algorithm 4 The Factorial Path-dependent Market Generator.

Input: Po;M$?:ME: o iwi A boibyibabsS;

Fort=1to ng do

1. Sample W7

>

; t>+ o t+ t from N (Oz2m-+1; lom+1)-

2. Update system equations:

AN
t+ t

VAN

t+ t

Vt+ t

X+t
log (St+ )

t+ t
p_

t+ t

Ft+ t

Pt+ t

Me

Me

>M§~)

~ 1=2
w M)

bo+by ™+ t+by N ¢+ bz (bo+ Dby

exp S (Bi+t 9S)

a+ailog (Se+ )+ a2 ¢+ o+ ¢
e1 ( Im+ "+t t DNeroo)
diag Vi+ t+ X+ t St+ t

o}
t t+ Wi+ ¢ t

3. Update the set of price vector trajectories:

end for.

t; ng:

TR o)

Fer t

Ft+ t

fpz tgo Z u fPu tgo z u 1 [fPu td

Output: TPk 9; ¢ -

At+ t)]_

Firstly, the SDEs associated with the dynamics of the price vector and elementary factors are dis-
cretized using a simple Euler scheme. Interestingly, the price is subject to the positive part operator
(:)+. This characteristic has two major advantages. Firstly, it ensures that prices remain positive
or zero. Secondly, it allows for the possibility of bankruptcy or default: when the price reaches 0,
its value remains null for all subsequent dates. In the case where the price vector corresponds to a
set of stocks, this property allows, for example, to estimate by simulation the probability of default

at a given time horizon for the di erent companies in the considered investment universe.
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The EWMA of the variations and quadratic variations of the elementary factors are, in turn,
aggregated respectively into matrices M( and M(") of dimension m n . Thus, the element
at coordinate (j;p) of M) (resp. M) corresponds to the EWMAs with parameter , of the
variations (resp. quadratic variations) of the elementary factor j. Furthermore, the dynamics of
these matrices are not directly modeled by discretizing the SDEs associated with them, but rather
by discretizing the integrals that de ne these state variables. This approach, adopted for example
in [182], has the bene cial property of ensuring the stability of the model regardless of the time
step considered, which is not the case for classical discretization schemes of the SDEs for EWMASs

((181]).

Now, concerning the drifts and factorial volatilities, only the components X and S need to be
discretized. To start with, the process X is not regarded in this discrete model as a stochastic
process, in the sense that the di erent realizations of this random vector generated from this
model form an i.i.d. sample. This stems from the assumption of very rapid mean reversion of the
coordinates of X as posited in section 6.3.1.1.3, which makes it consistent to model X+ ¢+ from
the asymptotic distribution of X. Thus, for each simulation period:

Xir ¢ LN( S S; diag(S)?):

In practice, this choice is equivalent to opting for a non-Gaussian innovation process whenever S &
Om- Indeed, the marginal distributions of X; W correspond (independent of each other) to Normal
Log-normal (NLN) mixture ([199])
of the form W exp(s(B s)),
with (W;B)~ N (02; 1), These
marginal distributions have the im-
portant properties of sharing the rst
three centered moments regardless of
the value taken by S: zero mean, a
standard deviation (variance) equal
to 1, and zero skewness (see details
in appendix 6.E.1). On the contrary,
the kurtosis of the marginal distribu-
tions of Xy W, depends on the spec-
i cation of S, since:

100" =75 -50 -25 00 25 50 75 100 4
E Wes®B 9 =3¢

Figure 6.4: NLN mixture distributions of the form . .
Wes® 9 with (W; B)> N (0»; 1,) for di erent values Thus, as illustrated in gure 6.4, the
of s. larger (the absolute value of) (S);,

the thicker the tails of the distribu-
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tions of (X Wy)j exhibit. This characteristic enables capturing potential extreme variations of
the elementary factors (and consequently, of the assets) occurring at short time scales. However,
as mentioned earlier, the skewness of (Xt Wo,);j is necessarily zero due to the independence of
(W); and (B)j, implying a symmetry of these factorial variations at the horizon t. Consequent-
ly, this modeling assumes that the potential asymmetry of the distributions of factorial increments
is caused by the path-dependent component of volatility, and more speci cally by the convolved
dynamics features. For this reason, the choice of the simulation time step t is important. Indeed,
in this framework, if the choice of a daily time step makes the model structurally unable to cap-
ture potential asymmetries in daily return distributions, opting for a smaller time step allows for a
potential capture of these asymmetries through the impact of returns on the level of volatility.

Of course, alternative modeling choices are conceivable, either to capture a potential portion of the
skewness unexplained by the dynamics of V¢, or to maintain a relatively high simulation time step.
One way is to relax the assumption of independence between W and B, so that the correlation
between (W); and (B); can be di erent from 0. In this framework, the innovation process is still
distributed according to an NLN mixture distribution but can exhibit a non-zero skew. However, the
correlation between (W); and (B); results in a non-zero mean of the innovation process associated
with factor j, which must be neutralized in order to maintain Ef F¢+ {]= ¢ t. Another possible
approach to incorporate excess skewness is to replace Xy W, with Z¢, a vector whose marginals
follow, for instance, skewed generalized t distributions or kernel density estimators (KDE). However,
once again, this requires ensuring that Z; remains centered so that the factorial drifts stay fully
captured by

Remark 1 The algorithm 4 implicitly assumes that the simulation time step is equal to the ob-

servation time step of the model on which the ARMA model parameters were calibrated. When

this condition is not met, it is necessary rst to simulate the trajectory of S using the time step

with which the model was calibrated, and then perform interpolation between the simulation periods
t;2 t;:::;ng t. In practice, linear interpolation will be used.

6.3.2 Calibration of the market generator

6.3.2.1 Input information for model calibration

In the following sections, the calibration of 4 is performed based on a data matrix D of the form:
(0] 1
Pit, 10 Pri
g Pit, 0 Png

Pitw 17 Pry

(6.16)
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where to <t; <::: <ty =T. This matrix D will be used to compute the central matrix for model
calibration, namely the matrix of returns denoted R, de ned as:

(@] 1
ri1 L n:1
R= g : : E (6.17)
ri:N oo I'bN
where:
I — Pi;tu Pi;tu 1.
he Pi;tu 1 .

It is worth to note that if the formulation of D does not imply a strict constancy of the observation
frequencies of the vector P, the estimation method proposed in the following sections is based
on the assumption of moderate heterogeneity in P frequencies. Thus, if moderate heterogeneity
in daily observations caused by the presence of weekends or holidays is not problematic for the
proposed estimation method, the same cannot be said for a mixture of daily and hourly observation
frequencies, for instance.

6.3.2.2 The elementary factors decomposition

The price dynamics are driven in the FPDM model by the elementary factors. Accordingly, the
rst step in calibrating the market generator is to perform a decomposition of R in the form:

= >
R=DbcA>= bz bz (R0, =D A° 7+ b

where A and Ac are respectively estimators of the loading matrix A and A¢, P F is the history of
estimated variations of elementary factors:

(@] 1 1 o 1
By Py SR LR
htN htN 1 b%N h(t:N 1 bltN h{N 1

The method used for this purpose is de ned by algorithm 5.

The rst step of this proposed algorithm consists of using a matrix factorization commonly employed
in various elds of data analysis: singular value decomposition. However, this factorization is not
performed on R, but on a standardized version of this matrix, R. The standardization process
applied, de ned in step 1, involves a double standardization: standardization per row followed by
standardization per column Therefore, it involves double standardization: standardization per row
then standardization per column. The row standardization helps reduce the impact of volatility
level variability on the singular value decomposition. This standardization makes particular sense
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in the proposed model where the volatilities of elementary factors depend on the volatility level
of the market factor and the sensitivity operator (S). On the other hand, column standardization
assigns equal importance to each asset, whereas a singular value decomposition performed directly
on R implicitly weights more volatile assets. Moreover, it normalizes the variance of the matrix R,
denoted as v, to 1, which will allow for certain simpli cations in subsequent steps.

Algorithm 5 Decomposition of the returns matrix R into elementary factors.
Input: R;n

1. Compute the standardized matrix R from R as follows:

1=2
R = RMg with Mg =diagy v p % RR~ :
1 1=2
and where R =diagy v p - R™R R:
2. Perform a singular value decomposition of R.
3.viq Ly
4. Repeat until convergence:
(a) Compute
. p- 2
thr argmin ; v 1+ "¢
“min thr(l t)
~max thr(l + t)
(b) Estimate fxpg, the density of £ ;] +g using a kernel density method.
(c) Find the parameters v and g that minimize:
x 99— 9 2
v;qg argmin fioe(Tk) fmp(Ckivia)

v;q2[0;11% | —q

where “ = T + —mac_mink,

5. Compute
AC (U)[:;:m]

b Fc (D)[:m;:m](v)[:;:m]

b Fi (D)[mc:;mc:](V)[:;:m](V)EmC;:]

Output: Ac; b .; b

The second step of the algorithm 5 then proceeds to a singular value decomposition of R, resulting
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in the following factorization:
R =UDV~;

where U isa N N matrix, V an n matrix, and D is a N n matrix diagy, u g (D) =

¢ o IOTW)> suchas 1>::> .

To build the estimators A and P ¢ from the elements obtained through this decomposition, the next
step involves distinguishing the dynamics of common elementary factors from those of idiosyncratic
elementary factors. The m. elements associated with the m. largest singular values will de ne
the component of R generated by the common elementary factors, and the n  m¢ elements its
component produced by the idiosyncratic elementary factors. More precisely, regarding the matrices
associated with the common elementary factors:

R =M PP M)mg: and P ee = (U)pm (D) pmesma: (6.18)

As for the matrix of variations of idiosyncratic elementary factors:

>

b Fi = (U)[:;mc+1:](D)[mc+1:;mc+1:] Mstlzz(v)[:;mc+1:] : (6-19)

The challenge is therefore to determine the value taken by m¢. In practice, this involves nding a
threshold value ¢, for the eigenvalues of ﬁRR> to separate the noise from the signal, an issue
that has been extensively addressed in the academic literature ([135], [46], [85]). In these works
based on results from random matrix theory, ., is determined using the upper bound .+ of a
Marchenko-Pastur distribution, whose density is de ned by:

8
=P

. if 2 4]
fve( jviq) = = 2.q "
-0 else;
where =v(1 pﬁ)z and +=v(+ pq)z. However, if the values of the parameters ¢ = N=n

and v correspond to the variance of %RR> in the case where the entries of R are independent
identically distributed random variables, the choice of these values is no longer straightforward
when this assumption does not hold (which is a priori the case here). For this reason, several
approaches coexist in the literature for determining these parameters ([135], [85]).

The method adopted here is largely inspired by the one proposed by Lopez de Prado ([85]). This
involves, after initializing v and g to 1 and , the iterative execution of three successive steps.
The rst one assigns a provisional value to ¢, as the nearest eigenvalue to v 1+ pq ’ The
second step consist in estimating the density of the distribution of eigenvalues that are less than
or equal to ¢y, using a kernel density method, density denoted fxpe. The third step updates the
parameters v and g to the values that minimize (a proxy of) the Hellinger distance between fxpe()
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and fyyp(jv;q). These three steps are then repeated until the convergence of ¢n,.

After this iterative process, mc is de ned by the number of eigenvalues strictly greater than .
The matrices P g, b L, and Rc are nally calculated using equations 6.18 and 6.19.

6.3.2.3 Estimation procedure

The objective now is to estimate all the parameters (other than the matrix A) and state variables
taken as input by the FPDM generator (algorithm 4), using the matrix of variations of the ele-
mentary factors b - obtained via algorithm 5. The method chosen for this purpose is de ned by
algorithm 6.

This one starts by calculating the various EWMASs of the variations and quadratic variations of the
elementary factors. These EWMA are initialized at period t,, from the rst rw periods (step 1.a.
of algorithm 6) using a discretisation of

k) (k) fo trw 1 z trw oyt
~trw = ~t0 e Kk + — e k de
K o
o trw 1 tw 1y trw
and ~00 =~00 o5 4 = TR dRy dFY):
K to
The values of ~§§) and *ﬁ'o‘) are thus initialized using the means of the variations and quadratic

variations of the elementary factors over the entire training period, which compensates for the lack
of data for periods before ty. In practice, when rw is large enough, the impact of this initialization
choice is small, as only the EWMA associated with a high  are a ected. For periods beyond t;,
updating the values of EWMA is done in the same way as adopted in the market generator.

This initial step is followed by a second phase that involves considering the log-likelihood function
associated with the equation governing the dynamics of the vector of elementary factors, under the
assumption that X; = 1, such as:

F N 7~ o diag(Su Vu )’ ;

u

where =ty ty 1. This log-likelihood function is given by:

X >
L P = Be Ou u w6 V) iim - Pae Oy o

u=rw+1

+log u (Su Vu) °lm mlog(2 ); (6.20)

where  represents the set of parameters on which and V depend. However, on the contrary
to the classical maximum likelihood method, the proposed approach does not strictly maximize
the likelihood of the model, due to its sequential structure. Indeed, step 2 of Algorithm 6 involves
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iteratively maximizing 6.20 only over subsets of the model’s parameter space. This rst subset
(step 2a) is de ned by:

1= Wi (bo)1; (b1)1; (b2)1: ( )y5 s

Step 2a therefore consists in maximizing the likelihood of the univariate model of the dynamics of
the rst elementary factor, corresponding to the market factor. Since and w are estimated in this
step, the kernels K and K are determined solely from the data for this factor. This separate
and primary optimization of the parameters of the market factor is motivated by the singular role
it plays in the model. Step 2b involves maximizing 6.20 with respect to the parameter set »,
de ned as:

2= (bo)j; (B1)j; (b2)j; (b3)j , ;

Thus, this step determines the parameters that are functions of and V associated with all ele-
mentary factors, with the exception of those associated with the market factor (estimated in step
2a). Step 2c, which constitutes the nal step of phase 2, involves maximizing the log-likelihood
with respect to S¢, for rw+1  u  N. In this step, the values of S are directly obtained using
the analytical solution of the problem presented in appendix 6.F.

Once the value of the log-likelihood function has converged after iterating through steps 2a, 2b, 2c,
the algorithm estimates a3 ; ap; az by tting an ARMA(1, 1) model to the series log é\tu
using the standard maximum likelihood estimation approach ([49]).

rw+1 u N’

The nal phase involves estimating the vector S on which X depends, utilizing a method-of-moments
approach whose rationale is explained in detail in appendix 6.E.3. First, step 4a calculates the
fourth-order moments of the m samples®:

8 O
S Ieu Au u i E
? (Su Vu rJiu)j =

rw+1 u N

The standardization of factor variations (i.e., F,) serves two main purposes: rstly, it allows us to
treat these samples as being i.i.d., and secondly, it enables us to isolate the impact of X. Thus, in the
speci ¢ case where the simulation time step t equals the average time step between observations,
the computed empirical moments in step 4a directly serve as estimators of E (X W)j‘ . Ina
broader context, these fourth-order moments enable us to estimate S using the formula derived in
appendix 6.E.3, which is precisely what step 4b accomplishes.

4The algorithm 6 uses the biased estimator of E (X W)j‘ . A consistent alternative would be to use its unbiased
estimator.
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Algorithm 6 Estimation of the FPDM generator.

Input: b t

1. Fork=1ton do

o trw
n (k)o e k PN bF u 1 PI’W tu trw b
@ ~f L+ 1w F
rw N u=1 tu tU 1 Kk u=1 u
to trw
n~(k)o e Py b bFu+1er Wotw b
trw N u=1 t, ty 1 Tk u=1 Kk F F u
(b) Foru=rw+1to N do
n o n o
RO, ~ (0 [ et -0 41 b,
Z 45, Z 5, tu 1 K u
n o n o W oty 1 1
~ (K ~ (K MUl (k) b b
e K + —
5,0 tZOzul[ tu K F Fu
End for.
End for.
2. Repeat until convergence:
(@ "7 argmin 2s L ibe
() "2 argmin s L jbPg
(c) Foru=rw+1toN do
\V4
U 2
VAN
& Wbl ( Fu)j ztuj tu
j:]_ (Vtu)j tu

3. Fit ARMA(1,1) based on the time series log S7 ;:::log $7,  to obtain &;&1;82; .

4. For j =1tomdo

(@) 1,
1 Py Fuo “u u i
C'- - . D 1A
(a) ji4 N rw 1 u=rw+1 (Su Vu L u)j
/. O 1
q 1 Pw (tu tw1) & N
(b) (8); 05%log@N w1 usrwrllu W G4 g A,
t 3 +
End for.
n (k)o n (k)o Ao A
~ ? ?
Output: -~ A N & 2, 80; a1 82; "\

170



6.4 Empirical assessment of the FPDM generator performance

6.4.1 Modalities of the conducted assessments

6.4.1.1 The considered market dataset

The objective of section 6.4 is to assess the capability of the FPDM generator de ned in section
6.3.1.2 to produce realistic market scenarios, capturing various characteristics of the considered
time series. We begin by de ning the data under consideration.

Firstly, we consider an equity investment universe: the assets comprising the S&P500 index. More
precisely, we focus on the 436 assets belonging to the S&P500 as of April 30, 2024, for which we
have daily historical data from April 1, 2010, to April 30, 2024. The rst 8 years of historical data,
spanning from April 1, 2010, to April 30, 2018, constitute the training dataset used to calibrate the
FPDM Generator. The remaining historical data, covering the period from May 1, 2018, to April
30, 2024, will be used as the test dataset for evaluating the model’s performance. This division has
the particularity that the training set does not include periods of very strong market turbulence
similar to that of the 2020 stock market crash included in the test set, which enables to assess
the model’s ability to reproduce such events even without them appearing in the data used for its
training.

6.4.1.2 The set of parameters of the generator

The various parameters of the market generator are determined by applying algorithms 5 and 6
successively on the training set.

To begin, the application of algorithm 5 results in obtaining 25 common elementary factors. Con-
sequently, the FPDM Generator used comprises a total of 461 common elementary factors: 25
common factors and 436 idiosyncratic factors. If we focus more speci cally on the rst estimated
common factor, the correlation between its daily variations and the returns of the S&P500 index
over the same periods is 0.985 (see appendix 6.G.2). Therefore, considering this factor as the market
factor is entirely coherent. It is also interesting to examine the separation achieved by algorith-
m 5 between the eigenvalues associated with the common elementary factors and the remaining
eigenvalues, as illustrated in gure 6.5. Firstly, the Marchenko Pastur distribution estimated by the
algorithm ts the data quite well. Additionally, the separation threshold between the 25 largest and
the smaller eigenvalues coincides with several changes in the behavior of the spectrum of ﬁRR?
Indeed, as illustrated by the plot in the top left ( gure 6.5), the density of eigenvalues as a func-
tion of their magnitude appears to follow a power-law relationship for the 25 largest eigenvalues,
which is not the case for eigenvalues below this threshold. Relatedly, except for the rst eigenvalue
associated with the market factor, the eigenvalues associated with the other common risk factors
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follow the relationship: log( k) a b log(rank( x)). This is illustrated by the two plots at the
bottom of gure 6.5, where the black line corresponds to the OLS regression line a b log(rank( ))
estimated from eigenvalues 2 to 25 (the parameters obtained here are & = 3:45 and b= 0:92). Even
more remarkably, when performing the same regression on the oracle eigenvalues estimated using
the approach proposed in [138], § is almost exactly equal to 1, which could suggest the existence of
an underlying fundamental nancial relationship.

The algorithm 6 is then employed, subsequent to the application of algorithm 5, to estimate the
remaining parameters of the model. This entails specifying f kgp—,, t, and rw, in addition to the
matrix obtained from algorithm 5. To determine the values of ¥ \gp_,, we utilize equation 6.14
(section 6.3.1.1.2) with n = 20, = 1=365, and .+ =5, all expressed in years. The time step
utilized for the simulations is t = 1=3650, also expressed in years. Moreover, we select a parameter
rw = 1008, speci ed in the number of periods, which roughly corresponds to the initial 4 years of
the training dataset used to initialize the various EWMA components of the model. Consequently,
the estimation of the model parameters is practically conducted over a period of approximately 4
years, spanning from April 2014 to the end of April 2018.
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Figure 6.5: Histogram of the eigenvalue distribution of ﬁRR? The black dashed line that ts the red
part of the histograms corresponds to the tted Marchenko-Pastur distribution obtained from algorithm 5,
used to separate common elementary factors from idiosyncratic elementary factors.

Several observations can be made following the application of algorithm 6. Firstly, as shown in
gure 6.18 in appendix 6.G.1, the obtained kernels closely resemble time-shifted power law (TSPL)
kernels, corroborating recent ndings in the volatility literature ([117]). Regarding the parameters of
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the drift and the path-dependent component of the volatility associated with the market factor, they
are respectively of the same sign: ; ;bo.1; ;b2.1 are positive, and ;bi.; are negative. However,
if the drift of the market factor is quite close to a positive a ne relationship with the (V¢)1, then

=bo.1 = =bj.; > =by.;. Consequently, the constant part of the drift plays a more important
role than in its approximation of the form 7 + V' (Vy)1. Similarly, the reversal e ect is
more signi cant than the historical volatility risk premium e ect if the a ne relationship were
perfectly respected. Another notable observation is the strong correlation of 0.875 between the
purely path-dependent volatility component associated with the market factor (i.e., (V)1) and the
VIX, despite the latter not being included in the training set. This element suggests a high level
of coherence between the volatility of the market factor estimated by the model results and the
market’s priced volatility. Additionally, signi cant di erences in the fourth-order moments are
observed between the common elementary factors and the idiosyncratic elementary factors. For the
25 common factors, this moment ranges from 2.75 to 4.1, with mean and median values of 3.26 and
3.18, respectively, close to the Gaussian assumption (where this moment equals 3). In contrast, for
the idiosyncratic factors, this moment ranges from 2.98 to 78, with mean and median values of 12.8
and 9.64, respectively.

6.4.2 General properties of generated datasets

The objective of this initial series of evaluations is to compare the overall properties of synthetic
data generated by the FPDM generator model with market data.

6.4.2.1 Evaluation based on the marginal distributions

To begin, we delve into the individual dynamics of assets using simulated data, aiming to assess the
consistency of their marginal return distributions with their empirical counterparts. Our analysis
focuses on the rst four moments of the daily, weekly, and monthly returns distributions for this
purpose.

The comparison method used is as follows: we start by computing the various empirical moments
considered, for both the historical realization and for each market scenario generated by the market
generator. Therefore, for each asset i/moment p/temporal horizon | combination (e.g. the empiri-
cal mean of daily returns for Apple stock), we obtain a sample of 1000 empirical moments from the
corresponding 1000 simulations. From the empirical cumulative distribution function F;j;p. estimat-
ed from this sample, we compute the estimated cumulative probability of the empirical moment
obtained from the actual market data sample:

Pispst = Fizpst (Mi;pi1);

where m;;p; is the empirical p-th moment of the returns with a temporal horizon | of asset i
calculated on real data. Subsequently, for each moment/time horizon pair, we compute the mean
of these cumulative probabilities across the 436 assets, along with the three quartiles and the
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proportion of cumulative probabilities between 0.05 and 0.95. The results are then report in the

table 6.1.
| Mean pip; [ QILpipy [ Med. pipy [ Q3 Pipy [ Prop. pisp:i 2 Toog |

Moment 1 0.535 0.349 0.589 0.749 0.913
% Moment 2 0.582 0.457 0.643 0.765 0.933
A | Moment 3 0.462 0.203 0.43 0.718 0.966

Moment 4 0.6 0.499 0.643 0.753 0.954
>, | Moment 1 0.426 0.233 0.412 0.574 0.954
X | Moment 2 0.55 0.386 0.612 0.741 0.931
% Moment 3 0.488 0.265 0.462 0.698 0.961

Moment 4 0.582 0.456 0.617 0.753 0.95
> | Moment 1 0.427 0.236 0.41 0.571 0.954
é Moment 2 0.535 0.349 0.589 0.748 0.913
© | Moment 3 0.398 0.205 0.315 0.561 0.97
= Moment 4 0.565 0.418 0.62 0.756 0.936

Table 6.1: Statistics related to the estimated cumulative probabilities set fpi:p
cell corresponding to the "Mean" column and the "Daily/Moment 3" row represents 4;6 ‘261 Pi:a:1 = 0:462.
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Figure 6.6: Price trajectory, volatility (estimated from a GARCH(1,1) model), and daily returns of Amazon
stock: real data vs simulated data. The features characterizing the real data, such as the phenomenon of
volatility spikes and volatility clustering, strong daily price swings, or the leverage e ect, are well reproduced

by the model.

The obtained gures tend to demonstrate a very good t between the distributions of the returns

generated by the model and their empirical counterparts.

Indeed, the various empirical moments

of the real data are generally close to the mean and median levels of their counterparts obtained
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through simulations. Thus, except for the third-order moment of monthly returns, for all others
pairs p and I, the mean and median of fFi.p.1(Mi.p.)gi=S fall between 0.4 and 0.6. Similarly, for
each moment/time horizon pair, over 90% of the assets exhibit empirical moments within the 90%
con dence interval of the model.

Moreover, the synthetic data generated by the FPDM Generator are not only coherent with market
data in terms of asset return distributions, but also in terms of trajectories. Indeed, as illustrated
in gure 6.6 with the example of Amazon stock®, the various characteristics of the price and return
trajectories of individual stocks are well reproduced. It is particularly striking regarding the joint
dynamics of price and volatility: in line with empirical data, on the one hand, volatility spikes
coincide in the vast majority of cases with price drops; on the other hand, volatility tends to
decrease relatively slowly following these shocks. This accurate modeling enables the reproduction
of another related feature of nancial series: the volatility clustering e ect, which denotes the
coexistence of periods of low and high volatility.

6.4.2.2 Evaluation based on the joint asset prices dynamics

The objective of this section is to assess the model’s ability to capture the correlation structure of
price dynamics.

To this end, the rst type of evaluation will focus on the covariance matrix and the correlation
matrix of daily returns. More speci cally, we will evaluate estimators of the correlation matrix and
the covariance matrix of the daily returns of the considered universe obtained from the simulations
generated by the FPDM generator, with the sample estimators of these matrices computed for the
test period. For this purpose, we will use as benchmarks, estimators of these matrices calculated
on historical data over the period on which the FPDM generator is trained (i.e. from April 2014 to
the end of April 2018). For both estimators calculated on historical and synthetic data, four types
of estimators are considered®:

1. The unbiased sample estimator.

2. The Oracle approximating shrinkage (OAS) proposed in [62].

3. The rst linear shrinkage estimator of Ledoit and Wolf introduced in [137].

4. The non-linear shrinkage estimator also proposed by Ledoit and Wolf, as detailed in [138].

To compare these estimators, two evaluation metrics are employed. The rst one is the Frobenius
norm of the di erence between the sample test covariance (resp. correlation) matrix C and the

SWe take the example of Amazon here, as it is one of the largest capitalizations in the S&P500. However, the
observations in this paragraph hold for all simulated assets.

SFor each type of estimator, we rst calculate the covariance matrix estimator, then from this, we compute the
associated correlation matrix.
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estimator covariance (resp. correlation) matrix C:
Le(C;C)=kE Cke:

This is equivalent to calculating the root sum squared error between the elements of the two
matrices. The second one is the minimum loss function proposed in [93], de ned by:

Tr(C 1) :n:

As Ledoit and Wolf specify ([137], [138]), this cost function is designed to measure the quality of
an estimator of the covariance matrix for use cases "where variance minimization decisions must be
taken". The table 6.2 reports the obtained results.

Corr. Matrix Cov. Matrix
L|: ‘ LM|_ ‘ LF ‘ I—ML
Hist. data 5:98 101 467 101 5:68 10 2 2:04 10

N

Sim. data 6:17 10% 278 101 4:.01 10 1:30 10

Hist. data 6:15 1017 367 101 5:68 10 2 1:65 10
2 1:24 10

Sample Sim. data | 617 10¢ | 278 10 T | 401 10 2 | 130 10 @
OAS Hist data | 610 10' | 394 10 ' | 571 10 2 | 172 10 °

Sim. data | 617 10¢ | 278 10 T | 401 10 2 | 130 10 @

: Hist. data | 6:15 10f | 374 10 ' | 573 10 2 | 164 10 °

LW linear > o
7

Z

LW non-linear

Sim. data 5:64 10! 270 101 4:00 10

Table 6.2: Comparison of di erent estimators of the correlation and the covariance matrix of daily returns.

Firstly, the results concerning the correlation matrix are heterogeneous depending on the cost func-
tion considered. If we begin by focusing on the cost measured by the Frobenius loss function, the
costs associated with correlation matrices calculated on historical data are generally close to their
counterparts calculated on data simulated by the model. If we speci cally center our analysis on
the sample estimator, the estimator calculated on historical data slightly outperforms its counter-
part calculated on synthetic data. While this result may initially appear somewhat disappointing
regarding the model’s ability to obtain better estimators of correlations, several factors must be
considered to interpret it as accurately as possible. Firstly, the correlation structure is dynamic
in the FPDM generator. However, outperforming the sample estimator on this metric and over
this test period is much simpler with a constant correlation matrix model. In addition, due to this
dynamic nature, the sample correlation matrix changes from one sample (generated by the model)
to another. Thus, if we consider each synthetic sample separately, in 52.3% of cases, the sample
correlation estimator obtained from these samples is associated with a Frobenius loss lower than
that obtained with the sample correlation matrix calculated on the historical data. Furthermore,
the most e cient estimator of the correlation matrix based on the criterion of Frobenius loss is the
non-linear Ledoit-Wolf shrinkage estimator calculated on the simulated data. If we now focus on the
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comparison between the estimators of the correlation matrix based on the criterion of the minimum
loss function, the results clearly favor the simulated data. Thus, on this criterion, the cost of the
sample correlation matrix calculated from this simulated data is more than 40% lower than the cost
associated with its counterpart calculated on historical data, and about 25% lower than the cost of
the best estimator calculated on historical data (the non-linear Ledoit-Wolf shrinkage estimator).
The results obtained for the covariance matrices are similar. Indeed, for both considered cost func-
tions, the sample estimator of the covariance matrix calculated from simulated data signi cantly
outperforms all estimators of this covariance matrix calculated on historical data. Thus, considering
the Frobenius loss, incorporating the e ect of the standard deviations of returns of di erent assets
improves the relative performance of the sample estimator calculated on simulated data compared
to its associated correlation matrix. Therefore, in this context of use (that of calculating covariance
matrices from a set of simulated scenarios over a medium to long-term horizon), the strength of the
model seems to lie less in its ability to better capture linear correlations between asset returns than
in improving the estimation of their individual standard deviations while maintaining a realistic
correlation structure.

Correlation Matrix Real Data Correlation Matrix Simulated Data

1.0
0.8

0.6

0.4

0.2

0.0

| 1
10?

Figure 6.7: The sample correlation matrix and its spectrum: on the left obtained from the real test
data, on the right obtained from a sample generated by the FPDM generator.

10° 10° 102 10- 10°
Eigenvalues Eigenvalues

Other interesting ndings emerge when considering, not the aggregation of the di erent generated
scenarios, but each scenario separately. Speci cally, while the sample correlation matrix varies
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signi cantly from one generated sample to another, its spectrum retains features characteristic
of asset return correlation matrices. That’s illustrated in gure 6.7. Thus, like its counterpart
calculated on empirical data, the spectra of these matrices exhibit a similar structure, with, on
one side, the largest eigenvalues, which are distributed following a power law distribution, and the
other eigenvalues, which are distributed according to a Marchenko-Pastur law.

Due to the fact that stock return distributions are non-elliptical ([64]), it is interesting to com-
plement this analysis of the data’s correlation structure by focusing on correlation measures ca-
pable of capturing more complex dependencies and tail behaviors. To this end, we now focus
on two rank correlation measures: Spearman’s rho and Kendall’s tau. Similarly to the evalua-
tion conducted on linear correlations, we then compare for each pair of assets (i.e. 94830 pairs,
436 (436 1)=2 = 94830) the empirical Spearman’s rho and Kendall’s tau of the test sample with
the empirical Spearman’s rho and Kendall’s tau of the simulated data. In addition,two benchmarks
for these measures are used to put the obtained results into perspective: the empirical estimators
and the estimators associated with the Gaussian copula calculated from the training sample’. The
table 6.3 reports the obtained results.

Spearman’s Rho J Kendall’s Tau
RMSE \ MAE | RMSE \ MAE
Emp. hist. data | 9:006 10 2 7:191 10 2 6:510 10 2 5:208 10 ?
Gaussian Copula | 10:672 10 2 8:653 10 2 7:909 10 2 6:426 10 2
Emp. sim. data 9:069 10 2 7:186 10 2 6:603 10 2 5229 10 ?

Table 6.3: Comparison of di erent estimators of the correlation and the covariance matrix of daily returns.

10

Emp. test data o Emp. training d&_n_ta_ Gaussian sim. _ FPDM sim. data
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Figure 6.8: Dependograms of Johnson&Johnson and P zer stock daily returns.

As shown in table 6.3, the performance of the rank correlation measures estimated on simulated data
is substantially identical to their empirical counterparts estimated on historical data. Furthermore,
both of these outperform the estimators obtained under the assumption of a Gaussian correlation
structure. Consequently, the model e ectively captures the rank relationship that links the di erent
pairs of returns present in the sample on which the generator is trained. While this may not be

“When two random variables are linked by a bivariate Gaussian copula with parameter , the Spearman’s rho
and Kendall’s tau are respectively equal to & arcsin(0:5 ) and 2 arcsin( ) ([180]).
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su cient to obtain rank correlation estimators that are better than the empirical estimators, it
does allow for more realistic joint distributions of returns compared to using a Gaussian copula,
while employing a dynamic rather than a static approach.

6.4.3 Evaluation of strategy features replication

6.4.3.1 Strategies considered for evaluating the generator

One of the major interest of a market generator is its utility as a tool for backtesting strategies
([139]). Therefore, it makes sense to evaluate the RPDM generator based on its ability to reproduce
the various time-series features characterizing di erent strategies.

To this end, we consider the following 5 strategies:

1. EW: The equally weighted portfolio, one of the most well-known strategies, that consists of
assigning equal weights to each asset in the portfolio such as:

x=n 1t 1.

2. MV: A constrained minimum variance portfolio, whose composition is the solution of the
following optimization program ([179]):
8
<q1>y —
1-7x=1
x=argmin x> "x st _ "
x -x> nt 1.

where ™ corresponds to the estimator of the asset returns covariance matrix. In practice, the

estimator " used will be the daily returns covariance matrix over the last 4 years. Regarding

the constraint of individual short selling on assets, this serves a dual purpose. First, it helps

to stay within relatively realistic portfolios, as the sum of the absolute values of the weights

is bounded by 3. Furthermore, it helps to restrict the range of the obtained metrics, as in

the absence of constraints on the weights other than 17 %, the behavior of the strategies can
uctuate extremely from one market scenario to another.

3. TP: A constrained tangency portfolio in the zero risk free-rate hypothesis, de ned as the
solution to ([179]):

8
. X~ N <1>x=1
x=argmin Pp=——= sitt _
x x> " x -x> n 1t 1.

where " is the estimated expected asset returns vector. Here, we use the vector of empirical
means of the daily returns over the last 4 years as the estimator. Also, the constraint imposed
on the weights serves the same purpose as that imposed on the minimum variance portfolio.
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4. TF: A trend following strategy of cross-section momentum type ([129]) whose weight vector
is de ned by:

_ "t (M)
17 " Qu(Mo)

(6.21)

where Q1(”¢) corresponds to the rst quartile of ~¢ itself de ned by:
M=Pe P 1a:

Here, the window length | of the moving average estimator will be xed to 1 year.

5. RV: A reversal strategy of cross-section momentum type, whose weights are de ned in the
same manner as for the TF strategy via equation 6.21, but using:

M= P P 1,
where | is also set to 1 year.

Each of these strategies will be examined in three distinct modes: buy-and-hold, xed-weight, and
dynamic.

In the buy-and-hold approach, the portfolio is constructed at the close of the last trading day of
April 2018, and no rebalancing is performed thereafter. In this framework, only the price evolution
a ects the asset weights in the composition of the various portfolios. However, this mechanism
alone is enough to signi cantly impact the behavior of the portfolio value considered as a random
variable. For instance, suppose the market factor drops and then does not experience a signi cant
rebound. In this scenario, all else being equal, the weights of securities with a very high beta tend
to decrease relative to other securities, and this event tends to reduce the portfolio’s exposure to
the market factor. The interest of backtesting buy-and-hold strategies lies in evaluating the model’s
ability to accurately reproduce this type of path dependence.

The xed-weight approach, for its part, involves daily rebalancing of the strategies to maintain the
same composition as initially set. In this way, the e ect of portfolio weight changes induced by the
price dynamics to which buy-and-hold strategies are subject is neutralized. It is therefore the mod-
el’s ability to replicate various constant linear combinations of the random variables constituting
the S&P500 prices that is evaluated through this approach.

Finally, the dynamic approach involves rebalancing the portfolios monthly by updating the various
parameters on which the composition of the portfolios associated with each strategy depends.
Consequently, depending on the di erent market scenarios, the composition of the portfolios can
vary signi cantly between real and synthetic data. Therefore, it is the model’s ability to reproduce
the market, conceptualized as an ecosystem, that is evaluated through these strategies. In other
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words, the capacity to model the market not merely as a collection of assets with a simple correlation
structure, but as a complex system whose mechanisms give rise to non-trivial statistical regularities.

Remark 2 The parameters and estimators of the strategies considered are not necessarily optimal.
Typically, to construct minimum variance and tangency portfolios, we use the sample covariance
matrix, which constitutes a poor estimator of the covariance matrix from a portfolio optimization
perspective. Furthermore, the "trend-following™ and "reversal" portfolios with the buy-and-hold and

xed-weight approaches are not strictly speaking trend-following and reversal strategies since their
composition is solely based on data as of April 30, 2018. However, these elements are not really
problematic in this context since the goal is not to conduct a comparative study of the considered
strategies, but rather to see if the RPDM generator is capable of reproducing the time-series features
characterizing various types of investment portfolios.

6.4.3.2 Results of numerical experiments

We start by individually considering the 5 types of strategies across the 3 rebalancing modes pre-
sented in the previous section. Tables 6.4, 6.5 and 6.6 compare a set of nancial metrics associated
with these strategies between real data and simulated data: their volatility and Sharpe ratio cal-
culated from daily returns and then annualized, their maximum drawdown, and their value-at-risk
and expected shortfall at the 95% and 99% thresholds, empirically calculated on a daily basis.
Figure 6.9, 6.10, and 6.11 focuse on the moments of the returns distributions of these strategies at
di erent frequencies (from daily returns to 6-month returns).

Overall, the obtained results tend to prove that the model reproduces very well the di erent char-
acteristics of the various strategies considered. Thus, for almost all distributions of the di erent
strategies considered, the rst four empirical moments of the real data fall within the 90% interval
of the model calculated from the simulated data. Moreover, in a signi cant number of cases, these
empirical moments are close to their median levels calculated from the simulations. Additionally,
the non-monotonic relationship of the skewness of the returns of di erent strategies as a function
of the considered time horizon is noteworthy. Thus, for both market data and simulated data,
the distribution of returns initially becomes increasingly negatively skewed as the time horizon
lengthens. However, past an in ection point located around 10 trading days, the skewness of the
return distribution decreases and tends towards zero in the long term. Similarly, the negatively
convex relationship between the kurtosis value and the time horizon produced by the model for the
di erent strategies is also consistent with market data. In the same way as the moments of the
distributions, the set of empirical nancial metrics - reported in tables 6.4, 6.5, and 6.6 - for almost
each strategy falls within the model’s 90% con dence intervals and, in most cases, is fairly close to
the median level obtained through simulations.
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Figure 6.9: Evolution of the four rst moments of the returns distributions for the di erent consid-
ered buy-and-hold strategies as a function of the time-horizon. The red curve corresponds to the
real data, the blue curve to the median of the simulated data, and the blue area represents the 90%
interval of the simulations.
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Figure 6.10: Evolution of the four rst moments of the returns distributions for the di erent con-
sidered constant-weighted strategies as a function of the time-horizon. The red curve corresponds
to the real data, the blue curve to the median of the simulated data, and the blue area represents

the 90% interval of the simulations.
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